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WHY CHANGE?

This same question was probably rife in Burope between the
years 1000 and 1500, when the new Arabic numerals were slowly
making their inching progress in displacing the comfortable and
familiar Roman numbers universally used. "Why even try to learn
to use these heathenish scrawly symbols, with their stubbomn
propensity for error, in place of the beautiful clear numbers
which our fathers have used for untold generations? Think of the
needless waste. We would have to change all of our counting
boards and abaci. X is X, isn’t 1t? And whey do we need a symbol.
for nothing? You can’t count it! No! Let us keep to our simple
tried and true numerals, and let the barbarians scratch their
heads, and rub themselves out. It will all come to O anyhow.”

Yet, although it took D years, the new notation became gener-
ally used, and man’s thinking leapt forward like an arrow sped
from a bow. The early years of the Renaissance marked a new stage
in the use of symbols, with the advent of algebra, fractionals
(decimals?), logarithms, analytical geometry, and the calculus.
Can you imagine what it would be like to try to express the co-
ordinates of points on a curve in Roman notation?

Mathematicians became conscious of a new dimension in symbolism,

and the fundamental concepts of number were re-examined. Man
awoke to the fact that different number bases could be used, and
Simon Stevin stated in 1585 that the duodecimal base was to be

preferred to the decimal.
il
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. The new Arabic notation accomodated mathematical statement
etter, and facilitated ideation. All thinking accelerated when
released from the drag of the cumbrous Roman notation.

The parallel seems tenable. The notation of the dozen base ac-
comodatestmathematical statement better, and facilitates ideation
It, too, 1s a step forward in numerical symbolism. The‘factorable.
base embodles a concurrent analysis and definition of numbers
that stimilates classification and generalization. Yet this is
accomplished by such simple means that students in the primary
grades easily learn to perform computations in duodecimals, and
can tell why they are better. Literally, the decimal base ;s un-
satis-factory because it has “not-enough-factors. ”

Then, shouldn’t we change? No! No change should be made, and we
urge no change. All the world uses decimals. But people of under-
standing should learn to use duodecimals to facilitate their
thinking, and to ease the valuative processes of their minds
Duodecimals should be man’s second mathematical 1anguage. Théy
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should be taught in all the schools. In any operation,lthat base
chould be used which is most advantageous, and best suited to the
work involved. We expect that duodecimals will progressively earn
their way into general popularity. But no change should be made.
Perhaps by the year 2000, or maybe by 1200, which is 14 years
later, duodecimals may be the more popular base. But then no change
need be made, because people will already be using the better base.

When one is familiar with duodecimals, a number of accessory ad-
vantages become apparent. Percentage is a very useful tool, but
many percentages come out in awkward figures because‘of the 1in-
flexibility of decimals. When based on the gross, twice as many
ratios come out in even figures, and among them are some of those
most used, as thirds, sixths, and twelfths, -eighths and six-
teenths. There are advantages associated with time and the cal-
endar. Monthly interest rates or charges are d¢r1ved from annugl
rates, or the reverse, by simply moving the unit (decimal?) point.
The price of a single item bears the same relation to the price
of the dozen, and so does the inch to the foot.

The proper correlation of weights and measures has always been
one of the world's serious problems. None of the present systems
is completely satisfactory. The American and English standards are
convenient to use since they are the final result of along process
of practical evolution in which many inconvenient measures have
been adjusted or abandoned. The French decimal metric measures
have the advantage of being set upon the same base as_the number
system, and are well systemized. But many of the units are gwk-
ward because of their arbitrary sizes, and because their decimal
scale does not accomodate divisioninto thirds and fourths readily.

The duodecimal system of weights and measures, based on the inch
and yard, the pint and the pound, has thehde51rableAelenbnts of
both systems, and few of their faults. This DO-MGFTIC System re-
tains the familiar units of the American and Br1t1sh'standards in
approximately their present size, and arranges them into an ordered
metric system using the scale of twelve. This fits perfectly into
the duodecimal notation, and the combination accomodates‘che in-
clusion of the units of time and of angular measure within the
system, which hitherto has not been possible.

If “playing with muabers” has sometimes facinated you, if the
idea of experimenting with a new number base seems intriguing, 1f
you think you might like to be one of the adventurers along new
trails in a science which some have thought staid and established,
and without new trails, then, whether you are a prgfessor of math-
ematics of international reputation, or merely an interested ped-
estrian who can add and subtract, multiply and divide, your mem-
bership in the Society may prove mutually profitable, and 1is

cordially 1invited. .
1A%
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All figures in 1talics ore duodecimal.

FINE MEASUREMENT BY MONOCHROMATIC LIGHT
by Ralph H. Beard.

The visible portion of the light spectrum extends from the red
to the violet, with respective wave lengths of about .0008 to
.0004 millimeters, respectively. If we divide a beam of light by
reflecting it from two glass plates, and bring these rays to-
gether again after they have traveled different distances, they
may either neutralize or reinforce each other, depending upon the
relative phases of their waves. If the beam is composed of light
of a single color, the interference phenomena may take the form
of alternate light and dark interference bands.:

In his interferometer, Dr. A. A. Michelson used this effect to
measure the difference in the lengths of the paths of the rays
in wave lengths of monochromatic light by counting these inter-
ference bands. Michelson determined the length of the standard
meter to be 1 553 164.13 wave lengths of the red ray (6438 A) of

the cadmium spectrum, with an accuracy of one part in 20 million.

In a curious piece of bureaucratic legerdemain, the 1893 order
of T. C. Mendenhall, Superintendent of the Coast and Geodetic
Survey, officially defined the !''nited States inch as being
100/3937 of the much younger meter. The length of the official
U. S. inch is thus 39 450.33 wave lengths of the cadmium red ray.

Because it affords a convenient means for the comparison and
reprocuction of length standards, and because of its greater
freedom from variation, the practice of defining standards of
length in terms of the cadmium red wave length has supplanted the
older bar standards. Under the sponsorship of the American
Standards Association, and of Dr. Lyman J. Briggs of the U. S.
Rureau of Standards, the use of the ratio of 25.4 millimeters to
the inch has become accepted manufacturing practice.

The past year has seen two revolutionary developments in this
field of fine measurement. Mercury has long been under inquiry
as a possible licht source for this purpose. PBut mercury normally
includes six isotopes, the finest source of monochromatic light
among them beirg Mercury 198 which constitutes ten percent of the
total, and is very difficult to separate. In April of this year,
however, Drs. Wiens and Alvarez of the University of California
bombarded gold in the cyclotron and secured Mercury 198 in such
purity that only one atom in a million is another mercury isotope.
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COUNTING IN DOZENS
i1 2 3 4 5 6 7 8 9 X & Jo

one two three four five six seven etght nine dek el do

Our common number system is decimal - based on ten. The dozen system uses
twelve as the base, which is written 10, and is called do, for dozen. The
quantity one gross 1is written 100, and is called gro. 1000 is called mo,
representing the meg-gross, or great-gross.

In our customary counting, the places in our numbers represent successive
powers of ten; that is, 1n 365, the 5 applies to units, the 6 applies to tens,
and the 3 applies to tens-of-tens, or hundreds. Place valve is even more im-
portant in dozenal counting. For example, 265 represents & units, 6 dozen, and
2 dozen-dozen, or gross. This number would be called 2 gro 6 do 5, and by a
coincidence, represents the same quantity normally expressed as 365.

Place value is the whole key to dozenal arithmetic. Observe the following
additions, remembering that we add up to a dozen before carrying one.

94 136 Five ft. nine in. 5.91
31 694 Three ft. two in. 3.2
96 3£2 Two fv. eight in. 2.8"
19Z 1000 Eleven {t. seven in. 27"

You wil) not have to learn the dozenal multiplicacion tables since you al-
ready know the 12-times table. Mentally convert the quantities into dozens,
and set them down. For example, 7 times 9 is 63, which is 5 dozen and 3; so
set down 83. Using this "which is” step, you will be able to multiply and
divide dozenal numbers without referring to the dozemal multiplication table.

Conversion of small gquantities is obvious. By simple inspection, if you are
35 years old, dozenally you are only 2%, which 12 ) 365

is two dozen and eleven. For larger numbers, 12 ) 30 + &
keep dividing by 12, and the successive remain- 12 )2+ 6
ders are the desired dozenal numbers. 0+ 2 Ansver: 265

Dozenal numbers may be converted to decimal numbers by setting down the units
figure, adding to it 12 times the second figure, plus 12% (or 144) times the
third figure, plus 12° (or 1728) times the fourth figure, and so on as far as
needed. Or, to use a method corresponding to the illustration, keep dividing
by %, and the successive remainders are the desired decimal number.

Fractions may be similarly converted by using successive multiplications,
instead of divisions, by 12 or X%.

Numerical Progression Multiplication Table
1 One 12 3 4 5|6 789 2 ¢
0 5 ; Fdo 2 4 6 & X|1012 14 16 18 1%
° : 3 6 910 13|16| 19 20 23 26 29
100 Gro .01 Egro 4 8 10 14 18|20\ 24 28 30 34 38
1,000 Mo .001 Emo 5 X 13 18 21|26l 22 34 39 42 47
i 6 10 16 20 26|30| 36 40 46 50 56
10,000 Do-wo 00,1 Edo-mo  —— o197 136/ 47 48 53 5% 65
100,000 Gro-mo  .000,01 Egro-mo g 14 20 28 34|40\ 48 54 60 68 74
1,000,000 Bi-mo  .000,001  Ebi-mo 9 16 23 30 39 |48| 53 60 69 76 83
- X 18 26 34 42|50 5% 68 76 84 92
1,000,000,000 Tri-mo  and so on. £ 1% 29 38 47 |56| €5 74 83 92 %1
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The U. S. Bureau of Standards and the Eastman Kodak Co. have
been co-operating in the development of a quartz tube for
inter ferometer use, employing the vapor of Mercury 198, which
produces a fine green spectroscopic line of a wave length of 5461
Angstroms, or 1.9495 cads.

H‘

purposes. It is estimated that it will be possible through this
means to achleve measurements of a fineness of one billionth of a
centimeter.

The sharp wave form of this green ray is ideal for measurement ’

For the measurement of certain types of atomic radiation in
nuclear operations, this standard is still not fine enough. The
scientific world was startled this last June, by the announcement
before a meeting of the American Physical Society of a new Gamma
Ray Spectrometer, developed by a team of physicists at the
California Institute of Technology, consisting of Drs. Du Mond,
Watson and Lind.

Ganmma rays are measured in terms of X-units, which are one-
thousandth of an Angstrom. The wave lengths of gama rays vary
between 8 and 500 X-units, and the new spectrometer will measure
these rays with a precision within five thousandths of an X-unit.

In order to secure a clearer idea of the relative sizes of
these fine linear standards, comparative scales, with the loca-
tion of these units, are given.
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.-aés 5 —g é E§ NATURAL AND ARTIFICIAL MERCURY, 5461 A
O &) €3 Circular interference fringes, formed by Fabry-Perot Interferometer illumi-
Yard .000 000 0C00 001 nated witht green light (5461 A) from electrodeless discharge mercury las

(left) 7 isotopes of natural mercury; (right) A single isotope, Mercuryl98,
Vhile the aboge provides a notational conpﬁrison, the relative rssei:ynziiﬁimusizf ggigﬁt%2§°§£C§;2Z;dzi 2n5t:nd:r4 of i??f?h s“PgﬁiOF to
quantities of the decimal place system must be divided by suc- Sl ; ¢ part in a billion. oto-
cessive powers of 1,728 fog each group of three figures to ob- §§a§2§id2¥diTlilam F. Meggers, Chief, Spectroscopy Section, National Bureau
tain their comparable size in the duodecimal statement, as shown.
Thus, the emocad is about 1% Angstroms, and the ebimocad and the
X-unit are nearly equal. Exact values are as follows:
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Duodecimal Decimal

Emocad = 1.9324 1.7722 Angstroms
Ebimocad = 1.0332 1.0256 X-units
X-unit = L5848 .9571 Ebimocads
Angstrom = .86931 . 5643 Emocads

One of the important units in present day physical chemistry
is the length of the carbon bond as found in the linkage of the
molecules of the diamond. This was measured with extreme accuracy
by Dr. D. P. Riley at the Cavendish Laboratory, Cambridge, as
1.5445 Angstroms. The do-metric equivalent is 1.1929 (or 1.1474)

emocads.

ANNUAL MEETING

The Society’s Fifth Annual Meeting was held on Thursday,
January 27th, 1949, at the Gramercy Park Hotel, Lexington Avenue
and 21st Street, New York City.

The meeting was called to order by President Andrews at 8:30
P.M. After the transaction of routine business, including the
election of new directors, the three principal speakers were
introduced.

Mr. Velizar Godjevatz spoke on “The New Musical Notation,”
developing the musical theories presented in the October Bul-
letin. Mr, Kingsland Camp spoke on “The Duodecimal Slide Rule”’;
some of his remarks on that subject appear elsewhere in this
issue. Mr. Frederick Condit spoke on ‘“The Ducdecimal System’ with
particular relation to rhythmic and psychological factors.

The meeting was then thrown open for general discussion, and
refreshments were served. Although officially adjourned at 10:30,
it continved in informal discussion groups until well past mid-
night.

A more complete report, together with Committee appointments

and other official business, will be carried in the next Bulletin.
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ELEMENTS OF PROPOSED DUODECIMAL SLIDE RULE
by H. K. Humphrey

The thoughtful consideration which Mr. Camp has put into his
proposal for the duodecimal slide rule is perfectly obvious, and
I shall not spend any time on the phases of the proposal on which
we agree, except to offer sincere congratulations on a job well

done. Instead, attention will be given to the few ideas of mine
which differ from his.

Before commenting on Mr. Camp’s proposal, I should first convey
some idea of the degree of my familiarity with the operation and
characteristics of slide rules. I first used a slide rule in
about 1903, bought my first one in 1907, and have used them with
considerable regularity ever since. The rules used include all
the popular types, and the work done on them has been of more
than usually varied character. The most intense use was a period
of some three months during which my whole activity, eight hours
a day, was slide rule computation. But there have been very few
weeks 1in all these years in which some slide rule computation was
not made, including this morning - in a bank!

There are four points in Mr. Camp’s proposal which I think I
might want to change. But, before discussing them, let me say
that I do want one ef these rules, when, as, and if produced, at
any price that can conceivably be considered reasonable - and I
am well aware that they cannot be produced in a quantity which
could take advantage of mass production economies.

The idea of a slide rule with the division line between slide
and frame bare of scales is startling, and had never occurred to
me - I am a little ashamed of myself at this point. The advantage
of placing each scale right along the same line as its reciprocal
is so great that it must receive very sericus conslderation be-
fore it can be discarded. In fact, 1f there is any possible way
to secure this advantage and still keep the C and D scales along
one division, and the A and R scales along another, it should be
done. Rut after serious thought, I believe that I would rather
sacrifice the juxtaposition of scale and reciprocal than to see
the scales named taken away from the positions which they have so
long held.

This is not mere clinging to tradition, or rationalizing a
habit. It is based fundamentally upon a disagreement with Mr.
Camp’s statement: “We habitually use the indicator in setting the
slide and reading our answers anyway.’ Many good operators, in-
cluding myself (blushes) avoid the use of the cross hair whenever
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it can be done. In my own case, this was studiously developed for
two reasons, the gain of speed, and even more important, the

gain of accuracy. Whenever either of the numbers to be set to-
gether is represented by a line on its scale, and when the num-
ber against which the answer is to be read is represented by a
line, it is more accurate to avoid the cross hair and use the
line. Further, when line is to be set against line, it 1s more
accurate to avoid the cross hair. In addition, time is saved.

Lest there be some doubt, try setting two lines under the cross
hair, then move it away and examine the setting critically; phen
set the cross hair at some value in a space, away from any line,
and set against it a line on the other scale, again yemovingAthe
cross hair and subjecting the setting to close scrutiny. Admitted,
I have not done this for a long time, but I did it enough times
long ago to convince myself that it was worth while to learn to
use the rule without the cross hair. Now I find myself‘frqquently
moving the rummer out of the way, and use the cross hair in ogly
two cases: (1) setting together two values, neither of Whlch is
represented by a line, and (2) using a result in a continued
computation without actually reading its amount. After careful
review in the last few weeks, I am still convinced that the
method which T taught myself has value, and I am naturally loath
to see its use made impossible.

The rule which I have used most, is an old -
Flimination of until recently I thought, an original - Polyphase
A or B scale Duplex which has an A scale but no B scale. For

very many computations, this lack is no handi-
cap, and for some which require B but not A, the lack can be com-
pensated by reversing the function of the scales. But my own work
furnished enough examples of the need for both in the same com-
putation that I have kept this rule’s predecessor convenient to
hand all these 35 years' And while it can hardly be said that
its use is frequent, it is enough to justify having it handy
when needed, or at least, wanted, for the time saving it gives.

While we are considering the slide rule, begin-~
Folding at ning with first principles, let us inquire the
m or at VIO real purpose of the folded scale. It 1s to pre-
vent answers from‘ coming off the scale.” Tt has
no other use. There is the talking point that multiplication or
division by 7 may be done without setting the slide. Rut as
Mr. Campzpoints out, (p. 8) this can all too easily introduce the
error 1%/10, which is too small to be discovered, and so will
slip through. No teacher will say this does not happen! I even
had a text book in which it appeared, all nicely printed, in a
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worked example. So, for all my familiarity with my slide rule, I
will not multiply by 7m using the talking point scale.

Further, folding at VI0 automatically folds also at the cen-
tral index of the A and B scales, so that for these the real ad-
vantage, that answers can notcome off the scale,applies as well
as for the full length scales. Not so, of course, when the fold
comes at M. So, while I practically never have to “reverse the
slide” when using the full length scales (and then only when I
go to sleep), I frequently have to do that when using the A and B
scales. Years ago I urged Keuffel and Esser to make this correc-
tion in their Polyphase Duplex rules, but the selling point of
multiplication by 7 was too strong. Since we need no selling
points, I strongly urge folding atvIO.

Mr. Camp has put his finger upon one of the
Magnifying serious troubles with magnifying indicators,
Indicators the disappearance of a nearby part of the scales,

which can lead to real trouble, and his scheme
for avoiding it is clever, indeed. Nevertheless, I would prefer
to have the plain runner. First, it has never seemed useful to me
to magnify a scale on which errors can be detected with the naked
eye, and this includes practically all slide rules. I am reminded
that T picked out my third rule (about 1910) by spending an after-
noon examining slightly over 100 rules. All but three were thrown
out without recourse to a lens, and a small eye loupe disclosed
errors in these. Second, 1if a lens is ever wanted, the ordinary
jeweler’s loupe is so cheap and so convenient; rough setting can
be done with the naked eye, and the loupe can be used for the
final adjustment and reading. And above all, when it isn’t wanted,
1t is not in the way.

This all sounds like carping criticism, to which a fine job
such as Mr. Camp has done should not be subjected. T do not mean
it so, but time to smooth out this presentation of my points does
not exist. Nor can I take longer to say what I should like about
those 1deas of Mr. Camp’s that are so right: the discussion of
scales and marking; the extension of all scales to a numerable
point, even though it may not be possible actually to set to that
point; the discussion of subdivisions; the convention for the
representation of final and initial O0’s and of initial 9’s and £'s
(which may be used whether or not one 1s referring to the slide
rule); the insistence that the useful length be exactly one foot.
With all these J enthusiastically agree.

On the last, one comment i1s to be made. I had a student, once,
who covered up his lack of a scale by using what he called the
“slide rule inch” - actually, of course, 2.50 cm., taken from the
log scale of his so-called ten-inch slide rule.
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DUODECIMAL SLIDE RULE - FURTHER REMARKS
by Kingsland Camp

The importance of Mr. ilumphrey’s letter is that 1t sets forth
a thoughtful point of view; before we make our decision and under-
take the expense of actually constructing an instrunent, we should
have as many such views as possible to weigh and choose between.
All readers are urged to submit any views and suggestions of
their own also, and preferably soon. Our Society wants to con-
struct the best duodecimal slide rule possible for the presentera.

Tt will be helpful to define in advance the proper nature of a
slide rule: is it primarily an instrument for precision, or is
it primarily for obtaining approximate results of as great vari-
ety, with as mich promptness and confidence as possible? ; my-
self would lean strongly to the latter definition. Precision 1s
desirable, but a high degree of it is not possible in any event
and the other qualities are chiefly sought.

Now Mr. ilumphrey’s first point of difference with my suggested
arrangement brings out the fact that some users, possibly many
of them, work chiefly with numbers exactly represented by scale
markings. It would be a helpful bit of information, to know what
is the proportion of such users. My own belief - and I may be
mistaken of course - is that the great majority of us have far
more frequent occasion to estimate between lines, so that we
fall into the habit (as remarked in my paper and quoted by Mr.
Humphrey) of using the indicator all the time even though avold-
ing it would be more accurate for those quantities that happen
to pe exactly represented on the scales. If the inaccuracy in-
troduced by the indicator on those occasions is no worse than is
involved anyhow when interpolating, then the advantage of the B
and C scales on the slide bearing respectively against the A and
D scales on the frame, is altogether inconsiderable: discarding
this feature would not affect the degree of accuracy ordinarily
attained.

Tt would be particularly helpful to have the views of other
members of our Society on Mr. Humphrey's second point: 1s 1t 1m-
portant or desirable to have a two-cycle (A) scale on the frame
of the instrument, as well as a similar (B) scale on the_sllde,
which is found on my proposed model? Working usefulness is of
course the important thing: for simple squares or square roots,
the loglog scales serve for a wide range of numbers, while the
separation of the marks for a given quantity on the paired scales
represents the square on a full-length scale basis, as remarked
on page 8 of my paper. If the A scale is really needed, we capn
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probably make room for it by taking out the DIF (folded recipro-
cal) scale on the frame of my proposed model.

But is it not better to regard a two-cycle scale in the same
light with other special scales, such as those for sines and
tangents? Looked at this way, its chief proper function is that
of enabling us to set the indicator quickly to the proper point
of a full-length scale for the square root of an assigned quan-
tity; thereafter, as should be standard practice, to carry out
actual calculations on the full-length scales. And if, as in my
proposed model, the two-cycle R scale on the slide is paired with
a reciprocal (inverted) scale, the square root of a product is
represented by the separation between the marks on the B scale
and on its inversion, and the square root of a quotient by the
separation between the marks on either the B scale or its inver-
sion. Either way, the need for an A scale is not very apparent;
omitting it affords room for a peculiarly versatile and powerful
set of standard and folded scales, all with inversions, and all
of full length, on both the slide and the frame.

My model did include one scale, however, that my own reflection
suggests 1s of very doubtful value; the inverted (reciprocal) side
of the proposed decimal R scale on the slide. This is useless in
connection with duodecimal calculations and is particularly con-
venient only for the very infrequent problem of furnishing a
series of roots of a given decimal quantity to which the slide is
set. A more useful substitute .might be either a K (cubes) scale
or else an auxiliary full-length sine scale. The latter, with the
aid of the trigonometric scales already on the frame, would be
helpful with simpler problems in spherical trigonometry.

Mr. Humphrey’s suggestion that scales be folded atV10, I would
like to submit to engineers; in one or more of their fields it
may well be that folding at m is much more than a ‘“talking point.”

Perhaps my paper should not have touched upon the subject of
magnifying indicators, as I agree with Mr. iumphrey that users
with ordinarily good eyesight hardly need them. I was not think-
ing of proposing a magnifier as standard equipment; it was im-
possible to refrain from suggesting what seemed a better design
for them.

In conclusion, I want to thank Mr. Hunphrey heartily for the
points he has raised so clearly. It is especially pleasant to have
his assurance that we don’t need ‘““selling points,” and his testi-
mony on the ridiculous “slide rule inch,” and the actual published
misuse of theCIF scale, nicely printed right in a textbook! I we
decide to fold at m, I hope my plan of pairing with the CF scale
will eliminate such blunders
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A BETTER RATIO FOR PI

by Dallas M. Lien

That the value of Pi should be fixed by law to the round nuin-
ber 3 was once proposed by a member of a State Legislature. Need-
less to say, the bill was defeated.

I wouldn’t propose such a radical change as that, .but it would
be better if m were defined differently: namely, as the ratio of
the circumference to the radius. For the time I will refer to
this irrational ratio as II, the Greek letter p1 major. Tts value
is 21, and it represents the number of radians 1in a‘c1rcl§. There-
fore when it is multiplied by the angle of a duodecimal circle,
the result is the angle in radians.

61T

Angle in Radians

Circumference
- : - o
Radius

Muodecimal angles would have a close relationship to those
of radian measure.

(Mr. Lien might call this transcendental, “Kappi”. - Ed.)
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SQUARE SUMS OF N CONSECUTIVE SQUARES
WHEN N IS NOT SQUARE

by Yarry C. Robert, Jr.

In the October 1947 Duodecimal Bulletin, (Vol. 3, No. 3, page
17) a complete solution of the problem of square sums of N con-
secutive squares for the case of N, a square, was presented.
When N contains non-square factors the problem becomes more
difficult. The problem of the sum of N consecutive squares equal
to a sguare may be stated -

Sum = N[a2+ N2- l} = b2 Eq. (1)
10

where (a) 1s the root of the mid-square it N 1s odd or 1is the
mean of the roots of the two mid-squares if N is even. By assum-
ing values for N, Eq. (1) may be reduced to the form -

c?= De? = + 11 Fq. (2)

where (c) and (e) are unknown integers, one of which is a func-
tion of (a) in Eq. (1) and the other is a function of (b). H and
D are known integers with D) having no square factors for the
case of non-square N now under consideration. If N is even, (a)
in Eq. (I) is not integral, so for this case, in reducing Eq. (1)
to Egq. (2), either (c) or (e) will be equal to (2a), an odd
integer.

The complete solution of Eq. (2) by Lagrange is considered one
of his outstanding contributions to Number Theory. Space will not
permit a presentation of that solution here. Chrystal’s Algebra,
Book II, a reference available in most libraries, gives a clear
explanation of the application of Lagrange’'s method which those
who are interested 1un the complete theory may supplement with
Dickson's [listory of the Theory of Numbers, Vol. II. llowever,
where the size of the initial solution is moderate, certain very
elementary methods may be used.

The necessary and sufficient conditions for Eq. (2) to have in-
tegral solutions are too complicated to present here. For this
particular problem it has been found that simpler conditions,
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while not entirely sufficient, are quite effective. After screen-
ing possible values of N to eliminate those that will not produce
square endings for the Eq. (I) expression for the sum and also
eliminating those for which the quantity within the brackets is
not divisible by the non-square factors of N, as explained in the
previous paper, the use of a single additional condition is de-
sirable. For Eq. (2) to have rational solutions it is necessary
that D be a quadratic residue of the non-square factors of H. The
effectiveness of these conditions 1is shown by the fact that only

one value of N less than 600 meets them without producing integral

solutions. This value of N is 5X2 which has rational fractional
solutions but no integral ones.

Eq. (2) with non-square D, 1if it has any integral solutions, has

an infinite number of such solutions. These solutions occur in
cycles with one or more sets of solutions, each set being repre-
sented by one solution in each cycle. The maximum number of sets

of such solutions is a function of the factors of H. There appears
to be no relation between the different sets of solutions, but the

infinite number of solutions in any one set are related to each
other by various recurrence forms, all of which may be derived
from the smallest positive integral solutions of the “Pellian”
equation -

P2- DQ2=1 Eq. (3)

which has integral solutions for all non-square values of D. These

solutions may be found most easily by developing the continued
fraction forVD. (See Note 1.) If P and Q, are the “fundamental”
solution, that 1is, they are the smaflest positive integers satis-
fying Eq. (3), the recurrence forms are -

1
Py 3 EPO +QND)E+ (P, - oo\/o)k]
1
Q, = 275[(1)0 +QNDY* - (P, - QVD) k]

where (k) is any integer. The fact that P, and Q, are also solu-
tions of Eq. (3) and that this is true for all values of (k) may
be shown by substituting these values into Eq. (3) -

1 2
. [(Po + VDR + (P, - Qﬁ)k]

i
~

,4% [(PO + QD) - (P,- OV D) k] i
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% [(po + QM D)2k + 2(po‘+06\[ﬁ)k <Po_QoWJBSk

+ (P~ QVDIZ* - (P, + QD)2

r 20, + QD (P - 0V D)* - @ - QB |- 1

P, + 0. VD) * (- QN D)* = 1
(@, « 0oV DI(p,- 0T - 2

2 2y k = : 2 2 _ kR =
(Po -D07 ) 1 and since P -DQ? 1, (1) 1
thus all values of P, and Q, are solutions and also there are an
infinite number of solutions. (See Note 2.)
If (co) and (eo) are any solution of Eq. (2), then all other
solutions belonging to the same set are found by -
¢, = Py cOiQkDeo
¢r = Qp oo L Prey

with (k) extending over all integers. A simpler recurrence may be
used when any three consecutive solutions of either unknown are
found in any set -

Chrp = Pocy T cpop

ey = Poey - e g

To find solutions of Eq. (2) therefore it is necessary only to
find the smallest solution in each set, find the smallest solu-
tion of Eq. (3) and apply the recurrence forms. To find the
smallekt solutions in each set for Eq. (2) it 1s necessary to
check possible values of the urknowns within the limits -

When H is positive: 0 £ e, éj’H(Po-l)
2D

VH £ ¢, 5P, + 1)
2
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w/‘éé ey &[HPo+ 1)
2D

0% ¢, 5 /n(Po - 1)
2

As an example, consider the case of N = 42

When H is negative:

Sum = 42(:a2 + 422 - 1 }= 5?2 and placing b = 5c we obtain -
10 2

¢? -2(2a)? = 6% and since all of our conditions are met, we

proceed by solving Eg. (3) for D = 2, P, =3 and Q, = 2, being the

fundamental solution of P?¢ - 202 = 1. Now the upper limit of (2a)

to which we mst check is, IKP, - 1 _ [$6X-2 _ < 95
\ /-‘jﬂj__ \ / =5 \ /595 )

and since (27) _ must be odd, it is only necessary to check the odd
number s througg 23. This is easily done with a difference table -

o}

(20),= 1 c&=¢0 (20) , =13 cZ = 12%
14
3 84 5 IS0
_28 S _ 100
5 [739) 17 1470
40 114
7 1030 = 36° 19 1534
54 123
9 1034 18 165D
68 140
[y 1130 21 1850 = 46°
80 . 154
11 - 1ID 23 1334
94
13 1284 = 3x%?2

thus we have three solutions within our limits, each being the

smallest in its set. Calling the set for which (27) = 7 is the

smallest solution, Set ., we may apply the recurrence form,
(20)1’2 = roo + P, (2@)0 =223 + 37 =53 and 89

Thus the first three Set I solutions are (2@)0 ;0 = 7, 55 and

89 and using the second recurrence form, T

(Ja), = 2P, (89) - 7 = 6:89 ~ 7 = 43¢

s
VY]
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and (20)6 = 6-4532 - 89 = 2129, etc., to any desired limit. And
since the next solution smaller than (+7) is (-7) we may extend
the alternate solutions in this set by -

(2a) 4 = 6:53 - (=7) = 276 + 7 = 281
and (2@)5 = §.281 - 53 = 1373, etc.

For a second example, consider N = 61

Sum = 61[:&2 + 61°- 1 ] = b?  and placing b = 612, we obtain -
10

a2 - 6162 = =310 so with D = 61, P2 610°=1 has the funda-
mental solution: P, = 9820201 and Q, = 104620 and the limits to

be checked are: 3 ¢  €1635 and 0% 2, < 11034

To check these values with the methods used for N = 42 1is a siz-
able undertaking. For such cases, the number of values of the un-
knowns to be checked may be greatly reduced by the methods given
in the previous paper (October 1947 Duodecimal Bulletin) where for
the case of N = 81 it was shown that (1) must be of the two forms

(610k + 8X) or (610R + 33X).

In some cases the foregoing methods will not serve, as for example,

the case of N = 321.

Sum = 321 [a2 v 5217 - 1] = b2 and placing b = 321, we
10
obtain - a? ~ 32102 = -XOX4 Eq. (4)
with D = 321, the smallest solution of P2 - 3210% = 1, is -

P, = 19X 36X963 505726 880001
Q, = 10 32X217 3XX7X2 54X400
which leads to the following values of the upper limits to be
checked - upper limit (0)0 = 54675 000000 (approx.)
upper limit (a) = X36700 000000 (approx.)

and although there are an infinite number of solutions to this
problem, there are at most only four values of (1) smaller than
the 10 digit upper }imit which will satisfy Eq. (4). Obviously the
methods used for N = 42 or N = 61 are entirely inadequate for this
case. Using the Lagrange reduction chain, two of the possible max-
imum of four fundamental solutions for N = 321 have been found -

a, = 27 873856 a, = 452356 X30696
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using the recurrence form on the second of these values gives -
a1, = 2 OX00X3 52126
Ay, = 141 930367 464656 79X427 370492 2£3296

and 7, in this set has 45 figures.

Unquestionably the case of N = 321 is an ideal problem for those
who have a special fondness for magnificent numbers.

This paper concludes the report on the first phase of the in-
vestigation of the problem of square sums of N consecutive squares.
This phase has consisted of the employment of a number of devices,
some of them quite elementary in character, for the determination
of values of N for which the problem is possible and the finding of
one or more solutions for every possible value of N not greater
than 600. As finally presented some of the approach to the problem
and some of the devices used appear to be an advance over the
methods originally used by George S. Terry in his preliminary in-
vestigation. Such improvements however, in large measure, perhaps
entirely, have been possible because Mr. Terry's preliminary work
accomplished most of the necessary eliminations and also provided
one or more solutions for all but a very few of the values of N

up to 600.

Dozenal base arithmetic has been used throughout the investiga-
tion by both Mr. Terry and the writer. Its superiority over base
ten for such problems has even exceeded our expectations. The
principal feature of this superiority is the helpful simplicity of
the square endings in the dozen system, which feature will hold
for any other problem which requires the solution of numerous
quadratic congruences. The simpler rules of factorisation have
also been very helpful.

Whether or not this investigation has accomplished more than to
demonstrate the advantages of using the dozenal base in calculat-
10g the solutions of certain types of problems is yet to be de-
termined. Out of the work there has developed a general solution
of the more general case of this problem, that is, the sum of the
squares of N consecutive terms of an Arithmetical Progression
equal to a square. With this development, the suggestion in a pre-
vious paper that N does not contain odd powers of factors of the
form, (10k + 5), can readily be proven. Also from the general so-
lution there can be derived an infinite number of forms for N for
any special case, as for example, 1in the case now being considered,

that of consecutive squares, N = 3n2- 1, has solutions for every
integral value of (n). Another development is a special case solu-
tion for values of N = 22¢ and N = 6kR2 whereby the recurrences
appear to be derived without use of the Pellian equation,

P2 -DQ? = 1, which seems to offer a new and interesting approach
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to certain problems although further investigation may prove it
to be of trivial importance. In addition to thesé two items sev-
eral other interesting and enticing leads for future investiga-
tion have been encountered.

In conclusion some of the solutions for N not greater than 600
are presented: (See Note 3.)
1. Complete solution for square sums of N consecutive squares
where N = 2072 and N not greater than 600.
Values of (2a), (2a) being the sum of the two mid-terms

N =20 0 cycle 1 7 13
1 cycle 53 35 21
N =80 0O cycle 15 29 33 32

1 cycle 147 107 a5 Xl

N =420 O cycle 258 295
1 cycle 461 413
N =600 O cycle 7 35 301 35¢,

I cycle 1489 1373 753  6X9

Al)l other solutions can be obtained from the form:
(20) 44y = X(20) ), - (20),,_,

and the above lists give the necessary four cycles since the —(
and -1 cycles have the same values as the corresponding positive
numbered cycles but with negative signs.

Thus for N = 20 -1 ecycle (2a)-; = =53
-0 cycle (2a)_,= ~1
Ocycle (2a), = +1
I ecycle (2n); = +53

so (2a)2 =61, (27)3 = 447, (22), = 509, etc.
Similarly for N = 80, N = 420 and N = 600.

=

2. Values of (22) for other cases of even N.

N = 220 0 cycle 245 283
1 cycle 1444 1279

N=2 0 cycle 1
1 cycle 7

N=22 0 cycle 3
I cycle 63

N = 42 0 cycle 7 13 21
1 cycle 53 3% 29
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N =62
N =X
N = 102

For the following values of N the cycle limits have not been com-

N = 142
N =162
N = 182
N = 242
N = 262
N = 322
N = 362
N = 3X2
N = 402
N = 482
N = 4X2
N = 502
N = 562
puted:
N =74
N = 134
N =254
N = 274
N = 324
N = 5%

3. Solutions,
N = 61
N = 81

Duodecimal Bulletin
0 cycle 5 377 471
1 cycle 7 3888 2951
0 cycle 83 165 1X3
1 cycle 3157 1659 1348
0 cycle 7

other solutions
0 cycle 258

1 cycle 1513
0 cycle 248
0 cycle 9
other solutions:
0 cycle 35
other solutions:
0 cycle 2
0 cycle 1623
O cycle 11

other solutions:

0 cycle 423
0 cycle X1

other solutions:

0 cycle 13
1 cycle 102313

0 cycle 939
0 cycle 15

other solutions:

0 cycle . &7

solutions: 333;
solutions: 145;
solutions: 63%;
solutions: 239,
solutions: XII1;
solutions: 5I1%;

6615 and 7827

229
1801
857 985
269; 2£3; 1353; 1569
53
287; 309; 493; 541; 1489
2362
1759
257
2425; 7337; 751
743 805

107

0
407; 455; 9b%; X4l; 2141; 2867

X0g X579
52 252

69, 7X1; 867; 995; 1635
1911 3177 43528

389;

3897

15348

295

382, 1X5; 518%; 852

67¢; £81; 1487; 2515; 2675;

563; 1403; 15X3; 5823;

15£9; 1859; 3031; 176%1;

X575, 18155

values of (a) for odd N.

a
a

33%; 1652
53;

4

L2 2222 =2Z222 2 22

2 2 22 Z2Z2 22 2222 Z

Z Z

Z2 Z2 2 2 2 =z
1

z

The

= 141
= 181
= 221
= 241
= X1
= 321
341
401
461
481
561
29
129
189
209
289
589
529

1]

[l

"

i

1]

2
b5y
= 32
48
8%

i

132
178
= 208
218
248
272
292
2%
302
3532
= 348

"

QQDDDDDQDDQ@Q@QQQQDQDQDQDQQQQQQDQQ

Duodecimal

= 52 40352

= 2333;
= 1160,
= 3032
= 24y 35784;

= 27 873856, 452336 X30696; 2 OXOOX3 X52126;

= 1127;

= 12 80X21; X765
= 262; 406, 15836

= 319;
= 118/

Bulletin
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= 1; 10; 18 37; 94y 145; 183; 434, 779; 11X9;
= 57; 455; X23; 3951;

= 14; 488; 1184;
= 82; 516; 3052;
= 682 3446;

= 158; IX79 582590;

= 52, 6087; X858,

= 1; 187 37; 825; 527; 53X5; 9501,

= 16; 24; 624; 956;

=27 3X0; 52%;

= 43; 57; 7 %23
= 3 13733; 16543;

= 4 2784, $58378; 13593 935X38;

= 52; 626; 70k

= 5 155y 2257 2931; 3141; 17691; 19565,

= 48 14X8; 12520; 1415%;

= 6799, 74X5;
= 5X80; 6634;

= 118; 282; 288; B33X; 22542;

= 6, 5296,
= 141; 928
= 4918; 5274

= 53; 6949; 7511; 156%7;
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N =382 a-= 166, 183; 309, 343; 2993; 3099; MATHEMATICAL RECREATIONS

N =408 a=7 87 X26X57; 94 962455 by Donald M. Brown, Editor

N i ag o i 12?4%,‘ Most of us have difficulty in writing all the digits with the
N =532 a =8 2 205488, 2 496488; same facility. If one of the dozenal digits is troublesome to

you, maybe practice is what you need. Multiply the troublesome
digit by £. Then multiply the result by 123456789%. You will find
that considerable practice in writing the chosen digit is pro-
Note 1: Fundamental solutions of the Pellian Equation for cer- vided by this exercise
tain values of D are as follows: Y ‘

= A2 _ = A2 =
D=d?-2 P -=d?-1 Q, =d

D=d2-1 P _=d Q. =1

B o o Let (ab), denote a two digit number to the base c; let (pqr)
D=d?+1 Po = 212 + 1 Qo =24 denote a tﬁree digit number to the base s; etc. &
D=d?+2 P =d? +1 Q ,=d

Solve the following equations for x, y, and z.
Note 2: The values of P, and Q, are also the only solutions of

the Pellian Equation. . 1. (XY)ZO + (xy)12 = (XY)32
Note 3: The list of solutions includes one or more solutions for

every non-square N not greater than 600. Solutions are

listed according to cycles only where cycle limits have 2. (XYZ)4 + (XYZ)Z = (XYZ)_ZO

been determined. The arrangement of the solutions for

N = 20R2 was suggested by George S. Terry and most the

the solutions for other values of N are also his work. ;
‘ If you can produce a really hard problem of this type, send it
|

to us for use in the Recreations section.

DONATIONS

Members and friends of our Society pay a glowing tribute to the

appeal of duodecimals in their contributions of time, services, Here's another cryptogram contributed by Mary Lloyd.

and money to our work. This year, we have received financial con- ARC
tributions from more of our people than ever before, and the
total will exceed $800. Many of us are of moderate means, and this p RAY) DOUBTIT
evidence of a desire to help in the support of the Society is DYTTA
deeply appreciated. RACOTI
IUDIR
In these early years of the. Society’s history, when our member- CTYPT
ship 1s still small, it would not be possible to accomplish all
that we have without these gifts. We wish to express the grati- YDCHC
OPAY

tude of the Society to the following donors.

Paul and Camilla Adams Jamison Handy, Jr.
Ralph and Lesbia Beard H. K. Humphrey
Arthur Coldewe Robert and Mary Lloyd
Louis Paul d’Autremont Lewis Carl Seelbach
Paul E. Friedemann Elaine Swanson

Dudley A. George George S. Terry
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REVERSIBLE NUMBERS
by Ralph H. Beard

In the recent book, Mathematics, Our Great lleritage, there is
quoted from W. W. Rouse Ball’s “Mathematical Recreations,” the
statement that:

8712 and 9801 are the only four-{igure numbers which
are integral multiples of their “reversals.”

8712 = 4(2178) 9801 = 9(1089)

This calls to mind Mr. Terry’s talk at our last Annual Meeting,
on Reversible Numbers. Fo§ the decimal base, such numbers must
have the factors 9 and 114, The smallest is the product of these
factors, 1089. Similar constructions are available for any number
base.

Stated in general terms the requisite factors are (Base - 1),
and (Base + 1)“. Constructions for several bases follow.

Decimal Duodecimal Septimal
1089 9801 1002 £001 1056 4501
2178 8712 219 X912 2145 5412

3267 7623 3289 9323 3234 4323
4356 6534 4378 8734
5445 5445 5467 7645

6556 6556

These numbers are a rather glamorized illustration of the book-
keepers’ o0ld trick in tracing differences. If the difference is
divisible by 9, a transposition of figures has heen involved in
the error. The differences between any of the above figures 1is,
of course, divisible by (Base - 1).
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ADDITIONS TO DUODECIMAL BIBLIOGRAPHY

Ahrens, W.
Mathematischen Unterhaltungen und Spiele
Leipzig, 1901
Chapter 3, Numerationssystem, p. 22-25 '
Tt is stated on p. 24 that Simon Stevin proposed replacing
of the decimal system by the duodecimal

d’ Autremont, Louis Paul
The Duodecimal Perpetual Calendar
Duluth, Minn., 1926 : .

Proposes a perpetual calendar of 10 months of 26 days, with
terminal holiday week at year’s end. Each month compgsedof
5 weeks of 6 days each, omitting Thursday. Calendar illus-
trated using duodecimal notation and special duodecimal
characters.

Du Pasquier, Louis-Gustave
Le Developpement de la Notion de Nombre,
Paris 1921 _
p. 169-174 Les systems duodecimal et senaire

Encyclopedia Americana, see David Eugene Smith

Halsey, Frederick A.
In Trans. AME..Vol. 28, 1906, p. 881 ‘
Says, “. . .that a change in our system of notation (po the
duodecimal) is fraught with greater possibilities of improve-
ment than any conceivable change in our weights and measures.”’

Hawkes, Herbert E.
Advanced Algebra
Ginn and Co., Boston 1905
Duodecimals, Sec. 235, p.- 284-5

Korzybsky, Alfred
Science and Sanity
Science Press, Lancaster, Pa. 1933
Chap. 8. and p. 257

Laplace, Pierre Simon, (1749-1827)
Exposition du Systeme du Monde. .
See transcript, Duodecimal Bulletin, v. 3, n. 2, 1947

Richardson, M.
Findamentals of Mathematics.
Macmillan and Co., N. Y. 1945
p. 165-174, material on the use of other bases than ten,
including the duodecimal.
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Robinson’s New Higher Arithmetic
American Book Co. 1895., N. Y.
Notations, p. 15-28

Shaw, George Berhard
Basic English and Spelling
Letter to London Times, 30 March 1944
“Basic English is a natural growth which has been investi-
gaped and civilized by the Orthological Institute on the
initiative of Mr. C. K. Ogden, whose years of tedious toil
deserve a peerage and a princely pension. The only job
comparable to it is that of the American George S. Terry,
who has given us tables of duodecimal logarithms.”

Smith, David Eugene
Article on Arithnetic, Encyclopedia Americana.
“The duodecimal scale would be better on several accounts,
although a change is not practical.”
Smithsonian Tnstitution. Annual Report, 1892.
p- 589 speaks of the idea of abolishing the decimal system
and substituting the duodecimal in its place. It states that

Charles XII of Sweden was an especially zealous advocate of
this change.

Sonnenschein, William Swan
Cyclopedia of Education,
London, 1889

Mentions use of duodenary scale of notation.

Stevin, Simon
1’ Arithmetique.
Leiden, 1585. (present earliest known reference. )
W. Ahrens in Mathematische Unterhaltungen und Spiele,
(Leipzig, 1901) says on p. 25, that Simon Stevin proposed

the rep}ac@ng of the decimal system by the duodecimal. Cf.
p. 6, 1'Arithmetique, Leiden, 1585.

Towne, Henry P.
Our Present Weights and Measures and the Metric System.
Paper 1134, Trans. ASVE., Vol. 28, 1906, p. 845-925
Favgrg retention of our present weights and measures with
modifications and improvements, and opposes compulsory use

of the metric system. e mentions that all of the advantages

of our present system and more could be found in the duo-
decimal system.

Véllnagel,_Christoph. Frideric
Numerand} methodi sive arithmeticae omes possibles e quibus
cum dyadica . . . usque ad duodenarium evoluuntur. Jena, 1740.
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THE MAIL BAG

Lewis Carl Seelbach, Chairman of the Committee on Bibliography,
has been having himself a wonderful time, writing to libraries
all over the world, asking for a summary of their duodecimal
bibliography. His request is phrased in English, and repeated in
Esperanto. I[le has gotten an excellent response, and much valu-
able information.

So far, the prize response has been a wealth of material from
the New York Public Library, indicating a most welcome exercise
of individual initiative in independent research by Paul North
Rice, Chief of the Reference Department. Ile cites the books
listed under Duodecimals, and then lists a dozen other items

“collected from our catalogues, and partly from chance finding.”

Among the supplemental items is listed ‘“Mathematische Unter-
haltungen and Spiele,” by W. Alrens, Leipzig, 1901, and the com-
ment: “On page 24 1t states that Simon Stevin (1584-1620) pro-
posed the replacing of the decimal system by the duodecimal. Cf.
his 'l’Arithmetique,’ Leiden, 1585, p. 6.”

Besides being the earliest reference to duodecimals that we
know of, this citation is particularly valuable because Simon
Stevin 1s credited with being the author of the use of the unit
(decimal) point. We have long thought that both he and Leonardo
Fibonacci must inevitably have considered the use of other bases
than ten, and this confirmation is exciting. Now for Leonardo,
whose ‘“Liber Abacci,” is dated 1202. Also, since Stevin was not
alone in proposing the use of the unit point and fractionals,
there is the need for scrutiny of the works of his contemporaries.

An orchid to Paul North Bice, and to Lewis Carl Seelbach, with
our plea for more of the same.

We have had an interesting letter from Dallas H. Lien, dis-
cussing some of the units of fine measurement in current use in
the research laboratories. We hope to prevail on Mr. Lien to give
us a paper on this important phase of the weights and measures
problem.

Another treat in store is an article by Louis Paul d’Autremont
on The Duodecimal Calendar. Mr. d’Autremont is one of our members,
and we were embarrassed to be this long in discovering his
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extensive work, and interesting publications on this subject.
Then we read of an earlier Louis Paul d’Autremont, in ‘‘The
(ueen’s Asylum,” and wondered whether our calendar had slipped.

With this number of the Rulletin, Donald M. Brown assumes the
chair of our department on Mathematical Recreations, at the
urgent request of its former editor, Mary Lloyd. ilis problems
for this 1ssue have a sort of itch that won't let you alone.
Goodness knows the sins of time-thieving we constantly commit,
but we keep reaching for that pencil.

In welcoming him in his new role, we wish to solicit contri-
butions from everyone, member or not, who finds an exceptionally
hard nut to crack. These problems limber up our duodecimal mus-
cles, and keep us mathematically spry. So, make a note of his
address (519 Soule Boulevard, Ann Arbor, Mich.) and route your

try for the mathematical recreations section straight to him.

The current discussion of the details of the duodecimal slide
rule is dmportant, and exciting as well. Some of the features .
suggested are splendid innovations. It is becoming apparent that
we will have the slide rule this year, end that it will most
probably be of the log-log type. As the comments clearly show,
however, the details are not finally determined, and it 1is
earnestly desired that each one of us who has any suggestion to
offer, or any comment or criticism, should not fail to write us
about 1t. We are pioneering new paths, and we don’t want to miss
any of the springs or natural resources of the area. Be as in-
formal as you like, but scratch it down and send it im.

Wot's oppened? We aint gettin’ no pomes from nobody!

Ye Ed4.
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Currency 1.2.17,23; 3.2.2; 3.3.4; 3.4.9; 4.1.%,19
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Decimal-form fractions (also see Fractionals) 1,.3. 9
Decimal point, see Unit point

Decimals. Machine conversion ofd. and duodecimals 2.1. 7

De France Algorithm for finding the Length of
Period of Reciprocals of Primes Research Committee 3.2.12
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2.1.2,7,1¢; 8.1.9; 3.3.24; 4.1. X
Microfilm of, 3.1. 9
Duodecimal Bibliography, see Bibliography
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Duodecimal nomenclature, see Nomenclature
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Duodecimal point, see Unit point
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Duodecimal slide rule 1.1.6; 4.2.7,24; 4.3.5/9
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Incorporation 1.1. 2
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Duodecimal tables, see under Tables
Duodecimals, Machine conversion of decimals and d.
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Expansible Integers Charles Q. De France 3.1.19; 8.2.23
Expansible and Reversible Squares Robert Gutmann 4.2, 5
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Factoring formula, Fermat’s 3.1.10
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Fermat’s Factoring Formula 3.1.10
Fibonacci series 3.1.3; 3.1.9; 3.3. 8
Finding Cube Roots George S. Terry 3.5.13
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Four Fours 2.1.13; 4.1. 8
Fractionals 1.1.10; 1.2.9,11,18 1.3.9,13; 2.1.% 2.2.1/5

) 3.2.7/8,13,22; 3.3.6,8,22; 4.2.10/1
Functions of angles 2.2.12/3; 3.1.%/¢
Golden mean, application of 3.3. 6

kin of the 3.3. 4
powers of 3.3.5/6
Golden rectangle 3.3. &
section 3.3. 5
Historical Sketch of the Foundation of the
Metric System Leon Bassot 2.2.20
History of the Theory of Numbers L. E. Dickson 2.2.1; 3.3.1%
Holiday » 2.1.14
How to count by dozens, see inside rear cover, each issue
Ideal Numerical Base Nina McClelland 4.1, 1
Ideas, opinions and suggestions 2.1.18; 2.2.14
(also see Mail Bag)
Incorporation of the Society 1.1. 2
Informal organization of the Society 3.1. 1
Important Reprint from the Edinburgh Review 1.5. 8
Integer Sums of Numbers and Their Powers 3.4.21
Integers, expansible 3.1.19.
Kin of the Golden Mean Robert S. Beard 3.8. 4

Least change, principle of 1,1.2; 1.3. £
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Machine Conversion of Decimals and Duodecimals .
H. K. Hunphrey 2.1. 7
Machinist, duodecimal tools for the 2.2, 5
Magic Square T. More, Jr. 4.1.23
Mail Bag 1.2.8; 1.8.20; 2.2.15 8.1.22
83.2.22; 3.3.22; 3.4.253; 4.1.24; 4.2.23; 4.3.21
Mathematical Cryptograms, see Arithmocrypts
Mathematical Recreations 1.1.% 1.2.% 1.8.1X%; 2.1.13,% 2.2.18
3.1.21; 3.2.21; 3.4.17; 4.1.8,20; 4.2.11,15; 4.3.19
Mathematical Recreations, W. W. R. Ball 2.1.14; 3.4.16: 4.1.20
Mathematical Recreations, Maurice Kraitchik 3.2.21; 3.3.22
Mathematics for the Million Lancelot Hogben 3.4. 6
Mathematics Teacher 2.2.20
Measurement Standard 4.8.1/4
Mechanical Engineering 2.1, 2
Mechanic’s scale 2.2. 8
Mechanix Illustrated 1.1. 5
Men and Measures Edward Nicholson 2.2.18
Men of Mathematics Eric Temple Bell 2.2.21; 4.1.24
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4.8.1/4

1.1.8; 1.2.1/2,23; 1.8.1,15,26; 2.2.16,22/3
3.1.23; 3.2.6; 3.3.1; 3.4.1,9,11; 4.1.10
Base du System Metrique Decimal Mechain and Delambre 2.2. 9

Mercury 19§ Green

Metric system

Comment on the 3.1.23
Do-metric System Ralph H. Beard 1.2, 1
lLetter on the H. C. Robert, Jr. 2.2.23
Metric vs Duodecimal System George Wetmore Colles 2.2,22
Our Everyday Reckonings Nystein Oré 2.1,23
Unscientific Science Ralph Y. Beard 2.1.23
Microfilm of Terry’s Duodecimal Arithmetic Scifres 3.1. 9
Micrometer, duodecimal 2.2, 5
Mo for Megro 1.1.10
Modular control 3.1.23; 8.2.24
Monochromatic Light 4.3.1/4
Multiplication table, see inside rear cover, each issue
Multiplication Tables, On, Kingsland Camp 1.1. X
Musical notation 1.2.8,21; 4.2.1; 4.3. 4
Natural functions of angles, table of 2.2.12/3
Navigation 1.8.25/6; 2.1.19; 4.1. 8
New Musical Notation Velizar Godjevatz 4.2.1; 4.3, 4
New Numbers F. Emerson Andrews 1.1.5,7/9,8 1.2, 7
1.8.18,21,24; 3.1.1; 4.1. X
New York Daily News 1,1, 8
New York Society for the Experimental
Study of Education 1.3.19; 2.1. 1
Nomenclature 1.1.2,10; 1.2.4,9/%,21,24; 1.3.£,12,22/3,25
2.1.18/9; 2.2.14,17; 3.1.14; 3.2.1; 3.3.2,22; 3.4.7; 4.1.3,11
Notation, duodecimal, see Number symbols and Number base
Notation, New Musical 4.2.1; 4.3, 4
Number, the Language of Science Tobias Dantzig 3.2, 8
Number base
Advantages of Duodecimals George S. Terry 3.3.21
Binary base 3.2.1%
Dantzig, Tobias : 3.2. 8
Disingenuous Dissuasions Ralph H. Beard 3.2. 6
Dozenal Quirk H. C. Robert, Jr. 3.2. 9
Duodecimal System W. C. Janes 1.1. 8
Elementary Concepts of Mathematics Burton W. Jones 4.1.20
Ideal Numerical Base Nina McClelland 4.1. 1
Important- reprint from Edinburgh Review 1.3. 3
Lagrange, Joseph Louis 3.2.7,9
Laplace, Pierre Simon 3.2. 6
Machine Conversion of Decimals and Duodecimals
H. K. Humphrey 2.1. 7



34 The Duodecimal Bulletin

Vol.No.Page
Number base (cont’d)
New English System of Money, Weights and Measures,

and of Arithmetic G. Elbrow 4.1, £
New Musical Notation Velizar Godjevatz 4.2. 1
People with Twelve Fingers F. Emerson Andrews 1.2, 3
Plea for the Duodecimal System H.G.G. Robertson 3.1. 4
Reckoning Reform Isaac Pitman 3.2, 1
Synepsis of the Twecimal System Alfred Norland 3.3, 1
Unscientific Science Ralph H. Beard 2.1.23
Why Change? Inside front cover 4.3
Number symbols 1.1.2; 1.2.9/%,10,22,24; 1.5.22/5; 2.1.12,18/%
2.2.14,17,12,22; 8.1.24; 3.2.1; 3.3.2; 3.4.7,19; 4.1.3,11
Numbers and Their Sums Repeating Each Integer Once
Lewis Carl Seelbach, 71.1.%; and George S. Terry 2.2.19
Numbers Equal to the Sum of Powers
of Their Integers George S. Terry 3.2.18
Numbers, Reversible 4.8.1%
Numerical progression, 1.1.10
(also see inside rear cover, each 1ssue)
Numerals, Notes on the Arabic 3.2.18
Obituaries
John Benbow 1.1. 3
W. B. Campbell 4.2.23
F. Howard Seely 2.1. 8
Samuel Sloan 1.3. 7
F. Morton Smith 3.4.18
Octic base 1.2. 8
Office Appliances 2.2.18
Official Transactions 1.1.2; 1.2.6; 2.1.4; 3.1.2; 4.1. 7

Opinions and Suggestions, see Ideas,
Ordinate units, see Do-metric system

Our Everyday Reckonings Oystein Ore  2.1.23; 2.2.22

Dartials (also see Fractionals) 3.3.22
Pentagon and the Pentacle 3.3, £
Periods and Submultiples of Reciprocals of Primes,

Table of George S. Terry 2.2.4,3.2.1%
Periods of Primes Ralph I. Beard 3.2.19

Periods of Reciprocals of Prines,

De France Algorithm for Finding Research Committee 3.2.18
Phyllotaxis, On the Interpretation of -
A. H. Church 3.1. 3

Phenomena of

Pi, 3.4.19
Abbreviation of 7 3.1.20
Better Value for Pi 4.8. X

Calculating © Fugene M. Scifres 3.1.12.20
What is m? George S. Terry 4.2, 8

o
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Poems, Babble On F. Howard Seely 2.1.22
Base Twelve Philip Haendiges 2.1.21
Change Your Base Philip Haendiges 1.2. £
Polyhedra 3.2.22; 3.4.16/7
Prefixes, duodecimal 1.1.10; 1.2.11
Primes and Least Factors, H. C. Robert, Jr. 3.4.1%
Primes, De France Algorithm for
Finding Length of Period of
Reciprocals of Research Committee 3.2.12
Primes, Periods and Submultiples
of Reciprocals George S. Terry 2.2.4; 3.2.12
Primes, Periods of Ralph [i. Beard 3.2.19
Principle of least change 1.1.2; 1.8. £
Principle of separate identity 1.1.2; 1.8. £
Principles, Opposed 1.3. &
Probability of Error H. C. Robert, Jr. 3.3.15
Problem of the Coconuts 1. C. Robert, Jr. 2.2.23
Problem of the Four Fours 2.1.13
Products Repeating Integers of
Their Factors Robert Ripley 3.4.17
Progression, numerical 1.1.10

(also see inside rear cover, each issue)
Proposals for Duodecimal Systems

Andrews, F. Fmerson 1.3.16
Barlow, Peter 1.3.16
Elbrow, G. 4.1. 8
Janes, W. C. 1.8.17
Johnson, J. Halcro 1.3.17
Leech, Thomas 1.3.18
McClelland, Nina 4.1, 1
Norland, Alfred 3.8, 1
Nystrom, John W. 1.3.18
Perry, Grover Cleveland 1.53.18
Pierce, Robert Morris 1.3.18
Pitman, Isaac 3.2. 1
Reeve, Sidney A, 1.5.19
Robertson, H. G. G. 3.4, 1
Terry, George S. : 1.5.19
Publicity 1.1.5,8; 1.2.7,9; 1.5.3,19, 2.1.1/2,5,23
2.2,9,1£/20,22; 3.1.2,9,22/3; 3.2.23/4
3.8.28; 3.4.17,20,23/4; 4.1.8,24
Puzzles, see Arithmocrypts

Pythagorean Triangles with 3
Equal Perimeters 4. C. Bobert, Jr. 4.2.15,24
Quarter squares, table of 2.1.15
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Radicimals (also see Fractionals) 3.2.,13
Radix, see Number base
Ratio of the golden mean 3.3. 4
Reciprocals of primes, periods and submiltiplesof 2.2.4; 3.2.1%
De France algorithm for finding length of period of 3.2.18
Periods of 3.2.19
Reckoning Reform Isaac Pitman 3.2.14
Recreations, see under Mathematical Recreations
Recreations in Mathematics H. E. Licks 3.1. 3
Reverse Notation J. Halcro Johnson 2,1.18
Revolving Duodecimals F. Emerson Andrews 2.2. 1
Riddles in Mathematics Eugene P. Northrop 3.3. 8
Rule, mechaniz’s 2.2. 8
Rule, slide 4.2.7,24; 4.3.5/9
Salutation 1.1. 1
Scale, mechanic’s 2.2. 8
Scientific Monthly 2.1.23; 2,2.22
Scripta Mathematica 1.3.1% 8.4.21
Section, golden 3.3. 6
Separate identity, principle of 1.1.2; 1.3. £
Separatrix, see Unit point
Series, Fibonacci 3.1.83; 3.38. 8
Sines and Cosines 2.2,12; 3.1. X
Slide rule 4.2.7,24; 4.3.5/9
Society of Teachers of Mathematics 1.1. 8
Solid tessellation 3.4.14
Special committees 1.1.5; 1.1. &
Square, magic 4.1.23
Square measure 1.2.14; 3.3.3; 3.4.%; 4.1.16
Square roots, finding 3.2.10
Square Sums of Consecutive Squares 3.2.12; 3.3.17; 4.3.£/18
Squares, constructing a table of consecutive 1.1. 9
Squares, endings of 3.2,11
Squares, expansible and reversible 4.2, 5
Squares, table of quarter squares 2.1.15
Standard of Measurement 4.3.1/4
Suggestions, see Ideas
Symbols, see Number symbols
Table of consecutive squares, constructing a 1.1. 8
Tables, Alonsine 3.2.18
Tables, duodecimal
Cosines, log 3.1. %
Cosines, natural 2.2.12
Endings of squares 3.2.11
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Tables, duodecimal (cont’d)

Functions of angles 2.2.12/3; 3.1. ')C/;’
Least factors
Log sines and cosines
Log tangents and cotangents
Logarithms
Multiplication

(also see inside rear cover, each issue)

Natural sines and cosines
Natural tangents and cotangents
Numerical nomenclature
Periods and submltiples of reciprocals of primes 2.2.4;
Periods of primes
Powers of primes
Powers of the golden mean
Primes
Primes and factors
Probability of error
Quarter squares
Sines and cosines, natural
Sines and cosines, log
Tangents and cotangents, natural
Tangents and cotangents, log
Weights and measures 1.2.11;
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3.2.2/3; 3.4.3/4,9/% 4. 15
Teacher interest 3.1
Temperature scale 1.2,17,21; 3.4.%; 4.1.1
Tessellation, plane 4.1
Tessellation, solid 4.1
Time measure 1.2.15,7,20/3; 3.2.3; 4.1.1
Tools, duodecimal, for the machinist 2. 5
Transactions, see Official transactions
Twecimal system 1.2.6; 3.3. 1
Twelve Directions F. Emerson Andrews 4.2.14
Uncial 1.2.9/2,20/1; 1.3.21/2
Unit point 1.3.13,23/4; 2.1. 5
United Nations Standards Co-ordinatingComm. 1.3.7; 8.1.23; 3.3.23
Units of Weights and Measures (book review) W.R.Ingalls  2.2.10

Volume measure, see Cubic measure

Weights and Measures A
.5,19,23; 2.2.5,9,10,15/6,21
\22/3; 3.2.2/5,24; 3.3.1,25

1.2.1,%,20/3; 1.3.4/8,14
3.1 2.
3.4.3/%; 4.1.4,6,£,13; 4.3.1/4
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