PRIMEL METROLOGY, PART 11

<> by John Volan ~

This article was originally published in Duodecimal Bulletin, Whole Number &,.! However, this version substantially
revises the original, making changes in formatting and style of presentation, and including some expanded content. The
most significant change is in the operator diacritics used in formulas to distinguish symbols representing “true-angles”
from conventional symbols representing “dimensionless” angles.’

N THE FIRST ARTICLE in this series, I introduced the Primel metrology (brand prefix prime-, brand mark @), a coherent, dozenal-
metric, day/gravity/water-based system of measurement which I have been developing for a number of years. I covered the
basic units of mechanics and thermodynamics. I also introduced the concepts of “quantitel” unit names, metrology brand prefixes
and brand marks, scaling prefixes using Systematic Dozenal Nomenclature* (SDN), and “colloquial” or “organic” unit names. This
article begins covering more advanced topics, including reciprocal units and angular mechanics. Future articles will cover yet more
advanced topics.

“QUANTITELIC” UNITS INSPIRED BY [SO-31

ISO-31° is a standard published first published in 1130, (1992,) by the International Organization for Standardization (ISO).® (It was
superceded in 1129, (2001,) by ISO/IEC 800007.) Among many other things, it coined several new English words for reciprocals
of certain quantities. This regularized some terminology that had previously been more ad-hoc:

ISO-31 CoINAGE | EXISTING TERMINOLOGY TECHNICAL MEANING

massic quantity | specific quantity quantity divided by associated mass

volumic quantity | [volumic] quantity density | quantity divided by associated volume

areic quantity surface quantity density | quantity divided by associated area

lineic quantity linear guantity density quantity divided by associated length

This scheme takes a quantity term (such as mass) and applies a common -ic suffix to turn it into its reciprocal (massic), which then
can act as a modifier on some other quantity. For instance, my previous article replaced the term specific thermal capacity with
massic heatability, which measures heatability per mass of a given substance.

Primel extends this notion to the unit system, turning any unit name into its reciprocal by appending the -ic suffix. The -ic
suffix may be abbreviated with a backslash (\) to indicate that the “quantitelic” unit places the original “quantitel” as a denominator
“under” whatever quantity follows it (if any). For instance:

QUANTITY | PRIMEL QUANTITELIC Recrp | METRIC EQUIVALENT
QUANTITEL RECIPROCAL ABBREV

length prime-lengthel | prime-lengthelic | @lgl\ | ~1.2192024384, per cm

area prime-areanel | prime-areanelic | Carl\ | ~1.4864545858, per cm?

volume prime-volumel | prime-volumelic | vm¢{\ | ~1.8122890556, per cm?

mass prime-massel | prime-masselic | @msC\ | ~1.8123398011, per gram

1https://dozenal.org/duodecimal—bulletin—OA4
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This article annotates decimal numerals with a “d” subscript, dozenal numerals a “z” subscript. See https://dozenal.org/
article-volan-base-annotation-schemes.
3https://dozenal.org/article—volan—primel—metrology
4https://dozenal.org/article—volan—systematic—dozenal—nomenclature—summary
5https://en.wikipedia.org/wiki/IS[LSl
6https://en.wikipedia.org/wiki/International_Organization_for_Standardization

7https://en.wikipedia.org/wiki/ISU/IEC_SOOOO
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The previous article identified the prime-masselic-heatabilitel (abbreviated @ms€\htb() as Primel’s coherent unit of massic heata-
bility. We will see more examples of quantitelic units as we proceed.

PRIMEL UNITS OF ANGULAR MECHANICS

Angular mechanics (also known as rotational mechanics) is the branch of classical mechanics dealing with objects rotating around
a fixed axis.

ANGLES. Angular mechanics introduces plane angle (symbolized 6), as a distinct type of physical quantity to be measured. For
thousands of years, people have been measuring angles using exclusive tools, such as protractors, compasses, sextants, theodolites,
and the like. We express angle measurements using distinct units not applicable to any other type of quantity. These include the
full angle or turn (abbreviated tr or ©) and various rational subdivisions of the turn, such as the straightangle (%), quadrant (%),
sextant (%), octant (%), as well as the customary degree (°), minute (), second (”). However, Primel prefers using power prefixes
from SDN to define subunits of the turn, including the uncia-turn (ul®), bicia-turn (b/©®), trici-turn (t|®), quadcia-turn (q/0O),
pentcia-turn (p]©), hexcia-turn (h|©), etc.

THE RADIAN. As mentioned in the last issue, for purposes of physics, the radian (abbreviated rad) is the most appropriate choice
for a coherent unit of plane angle. This is defined as an angle which subtends a circular arc of length equal to the radius of the
enclosing circle.

Although the turn is obviously an important angular unit, and has intuitive appeal, it is not the coherent unit of angle. It is
equivalent to 7 radians:

tr=0 = 7rad
where:

T =27 ~ 6.349416967¢635,

Rearranging, we get this value for the radian in turns (as well as customary degrees):

rad ~ 0.16€02¢144357¢, © ~ 57.2957795130823,°

THE SQUARADIAN OR STERADIAN. In some cases, we will need to deal with angles squared. Primel coins squaradian (abbreviated
sr) as the coherent unit for square angle, equivalent to the square of the radian. A synonym for this unit, useful in the context of
spherical geometry, is the steradian (also abbreviated sr). The steradian is the coherent unit of solid angle (symbolized {2).

2
sr = rad

A spat (abbreviated sp or @) is a “full” solid angle covering the entire spherical space surrounding a given vertex. This is o
steradians:

Sp=6@ =osr

where:

0 =27 =41~ 10.696931713£06¢,

Rearranging, we get this value for the the steradian in spats:

sr~ 0.0€5615082189¢¢, ®

ANGULAR DIMENSIONALITY. Primel asserts that plane angle is a distinct and sensible physical phenomenon, with an irreducible
dimensionality of its own, not commensurate with any other type of physical quantity. Consequently, the radian, as the coherent
unit of plane angle, constitutes another of Primel’s “mundane realities.”



Surprisingly, the notion that angles are dimensioned quantities is a controversial position, because the International System of
Units® (SI), as well as many mainstream mathematicians, consider angles to be dimensionless quantities. Absurdly, the radian is
actually equated with a pure number, i.e. rad = 1.

This stems from the idea that the measure 6 of an angle is equivalent to the ratio of the length s of its subtended arc to the length
r of its radius of rotation:

0=s/r s=10 r=s/0

Length over length yields a dimensionless quantity. But this treatment of angles leads to difficulties and inconsistencies across all
the quantities of angular mechanics. Radians inexplicably appear and disappear from equations in ad-hoc ways not explicitly driven
by the strict algebraic laws of dimensional analysis.

This has been so troubling that at least a dozen scientists since 1154, (1936,)° have published papers advocating for angle to
become a first-class dimension. They have offered various schemes to reconcile the inconsistencies in order to render the equations
of angular mechanics “dimensionally homogeneous.”

Nevertheless, the status quo among mainstream mathematicians as well as scientists using SI is that angles are dimensionless
quantities. All symbols such as 6 representing angles are considered dimensionless. Moreover all the angle units mentioned above
are dimensionless numbers as well, with the radian in particular indistinguishable from the dimensionless number 1. The turn is
indistinguishable from the dimensionless circle constant 7, an irrational number. Other units represent fractions of this:

UNIT ABBREV | DIMENSIONLESS VALUE

turn ) =T~ 6.349416967€635,
straightangle % = 7 ~ 3.18480943¢£919,

quadrant @ T~ 1.662404847€¢67,

sextant % & ~ 1.0696831713€07,

octant % 5 ~ 0.951202423€€35,

degree ° = 585 ~ 0.0261¢€3039¢4739,

minute ! = W ~ 0.00060470731€81568,
second " = m ~ 0.0000125873¢2965114,
uncia-turn ul® | = 15 ~ 0.6349416967€635,
bicia-turn blO | = 155 &~ 0.06349416967€635,
tricia-turn tlo | = ﬁ ~ 0.006349416967€635,
quadcia-turn | qlO | = W ~ 0.0006349416967€635,
pentcia-turn plo | = m ~ 0.00006349416967€635,
hexcia-turn hlo | = m ~ 0.000006349416967€635,

It’s clear we need a different approach to the dimensionality of angles.

TRUE-ANGLES. The approach I propose is to leave the status quo as it is, and instead distinguish a new concept: true-angle, i.e. a
first-class dimension for angles, distinct from any other type of quantity. The true-radian (abbreviated ®rad) is the coherent unit
of true-angle. It is identical in magnitude to the radian, but bearing true-angular dimension. Similarly, the true-turn (abbreviated
®tr or ®O) is identical to the turn, but with true-angular dimension. Its dozenal divisions using SDN scaling prefixes are the
true-uncia-turn (®ul©®), true-bicia-turn (DblO), true-tricia-turn (®t|©), and so forth. Other angle units may similarly be
given true-angle versions.

Note that this true- prefix, and its abbreviation ®, resemble my notion of a brand prefix for a metrology. Why am I introducing
this, rather than simply using Primel’s prime- prefix, and its abbreviation [@? The reason is that true-angles and true-radians are not

8See https://en.wikipedia.org/wiki/International_System_of_Units.
9See https://en.wikipedia.org/wiki/Radian#Dimensional_analysis for discussion and references.
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exclusive to the Primel metrology. Any metrology can apply this treatment of angular measure. It can be argued that the radian is
necessarily the coherent unit of angle, regardless of metrology. Consequently the “branding” for true-angular measures ought to be
universal rather than metrology-specific.

However, just like with branding for a metrology, the “true” branding for angles can be made optional: In a context where
all angles are assumed to bear first-class dimension, we can declare that as a global default, and omit the branding. In fact, the
description of angular units in the previous article can be understood as written under the implicit assumption of such a global
default. That said, this article will refrain from doing this, precisely in order to address the subtle distinctions between the SI and
Primel approaches to angular measures and angular mechanics.

TRUE-RADIAN OPERATOR AND TRUE-RADIANIC OPERATOR. In physical formulas, it will be necessary to distinguish symbols rep-
resenting true-angles from symbols representing dimensionless angles. To accomplish this, I will use a variant of an approach
proposed by Jacques Romain in 1176, (1962,).°

Let an overset “frown” diacritic (—) be defined as a true-radian operator, which may be applied to any quantity g, to multiply
it by one true-radian:

Applying ISO-31 reciprocal terminology, let an underset “smile” diacritic () be defined as a true-radianic operator, that can

divide any quantity g by one true-radian:

q -1
— — d
g (®rad 7% Ora
As a trivial case, if we let ¢ = 1 (the pure number one), then:
I = (®rad 1= (t)rad71

The reciprocal unit @rad71 itself can be called a true-radianic (abbreviated ®rad)).

Note that both of these operator symbols are curved arcs, suggestive of the fact that we are dealing with rotations. They depict
only partial rotations, suggestive of a radian arc, rather than a full turn. Placing the “frown” over a symbol and the “smile” under
a symbol is suggestive that the former places a true-radian in the numerator while the latter places a true-radian in the denominator.
The fact that these symbols are vertical mirror images suggests that they represent reciprocals of each other.

Based on these definitions, the true-radian and true-radianic operators follow fundamental laws of algebra. Per the associative
law, applying either operator to a product of factors is equivalent to applying it just one of the factors:

S
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Xgq=pXgqg=pXxXgq

——

Per the distributive law, applying either of these operators to a sum of terms is equivalent to applying it to each of the terms
individually:

—_——

p+a=p+q

S|

+g=p+gq
—_ - 2

Given a conventional dimensionless angle 8, now we can use 6 to represent the equivalent true-angle, with first-class physical
dimension. Like any other dimensioned quantity, € retains its intrinsic value no matter what true-angular units it is measured with.

On the other hand, 6 is now the dimensionless measure quantity when 6 is specifically measured in true-radians:

ZRomain, Jacques E. (July 1962,). “Angle as a fourth fundamental quantity”. Journal of Research of the National Bureau of Standards Section
B. 66B (3): 97. Freely accessible at https://nvlpubs.nist.gov/nistpubs/jres/66B/jresv66Bn3p97_Alb.pdf. He proposed a bracket
notation (g) rather than a diacritic, as essentially a true-radianic operator. (However, he did not also define a true-radian operator.)
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Rearranging this, we can say:

In other words, when the true-radian and true-radianic operators are both applied, they cancel each other out.

Let’s now revisit the equations that SI (and mainstream mathematicians) use to define an angle in terms of radius and arc length:

0=s/r s=r0 r=s/0 (SI)
As previously described, 8 here represents a dimensionless quantity. In contrast, Primel endeavors to work only with true-angles,
so we must apply the true-radian operator to 6. But if we want to keep these equations dimensionally balanced, we must apply the

true-radianic operator to r:

SZT/é

5=s/7‘ 7”:5/5 (Primel)

What is the significance of ? It no longer means simply the radius of rotation, i.e., the length from the axis of rotation to any point
on the circle. Now it mean; something subtler.
RADIALITY AND THE RADIEL. [ have come to call this new quantity the radiality of the rotation (symbolized C)' It is the ratio of a
length, specifically the radius, to a true-angle, specifically one true-radian (®rad). However, as shown in the equation r=s / 5, we
can also describe T as the ratio of any arc length s around the circle, to the true-angle 5 subtended by that arc.

Primel’s coherent unit of radiality is the prime-radiel® (abbreviated mrdt), defined as one prime-lengthel per true-radian:

mlgl mm

Erdl = —= = 8.202083,
®rad

Scalings of this unit, along with their colloquial synonyms, include:

Here, the choice of modifier in each colloquial name corresponds to the Primel length unit appearing in the numerator in the right-

hand column.

®rad

UNIT AND ABBREV

COLLOQUIAL AND ABBREV

PRIMEL & SI EQUIVALENT

prime-radiel
@rde

prime-morsel-radiality
Emo-rd

Emo-lg/®rad
8.202083; mm/(®rad

prime-unqua-radiel

prime-hand-radiality

Bhd-1g/®rad

Hufrdzf =hd-rd 98.425, mm/®rad
prime-biqua-radiel prime-ell radiality me-1g/®rad

Ebfrdl =e-rd 1.18114 m/®rad
prime-triqua-radiel prime-habital radiality | Chb-lg/®rad

Etfrdl Bhb-rd 14.17324 m/®rad
prime-quadqua-radiel | prime-stadial radiality | T¢1g/®rad

aqtrdl de-rd 170.0784, m/®rad
prime-pentqua-radiel | prime-dromal-radiality | odr-lg/®rad

apfrdl odrrd 2.0409408, km/®rad
prime-hexqua-radiel | prime-itineral radiality | mitn-lg/®rad

Ehirde

mitn-rd

24.4912896, km/®rad

€Contraction of prime-radialitel.




CURVATURE AND THE CURVEL. The reciprocal of radiality is a quantity called curvature. This is usually symbolized «, but given the
conventional treatment of angle as dimensionless, the dimensionality of « is generally indistinguishable from reciprocal length. To
correct this in terms of true-angles, we must apply the true-radian operator to yield true-curvature x:

0 = rs

[BlaY

K =

(3|~

) )

_ (brad
T olg

Scalings of this unit, along with their colloquial synonyms, include:

¢ ~ 121.9202438404877,

The relationship of true-curvature r to true-angle @ and arc length s is thus characterized by these equations:

K =

®w| D)

The coherent unit of true-curvature in Primel is the prime-curvel'® (abbreviated mcve). This is equal to one true-radian per
prime-lengthel:

(®rad
m

UNIT AND ABBREV

COLLOQUIAL AND ABBREV

PRIMEL & SI EQUIVALENT

prime-curvel
devl

prime-morsel-curvature

HOmo-cv

= (®rad/c@mo-lg
~ 121.9202438404877,; ®rad/m

prime-uncia-curvel
dulcevl

prime-hand-curvature
hd-cv

= (Hrad/mhd-1g
~ 10.160020320041, ®rad/m

prime-bicia-curvel

prime-ell-curvature

= (rad/cl-lg

obleve =l-cv ~ 846.668360003387, ®rad/km
prime-tricia-curvel prime-habital-curvature | = ®rad/mhb-lg

otleve dhb-cv ~ 70.5556966669489, ®rad/km
prime-quadcia-curvel | prime-stadial-curvature | = ®rad/Qc g

dqlevl Eg-cv ~ 5.8796413889124, ®rad/km

prime-pentcia-curvel

prime-dromal-curvature

= (rad/cdr-1g

GOplevi Odr-cv ~ 489.970115742701, ®rad/Mm
prime-hexcia-curvel | prime-itineral-curvature | = ®rad/Qitn-1g
Thleve Qitn-cv ~ 40.8308429785584, ®rad/Mm

Here, the choice of modifier in each colloquial name corresponds to the Primel length unit appearing in the denominator in the
right-hand-column.

Radiality and curvature characterize the circular path taken by a rotating object. The smaller the radiality, the greater the
curvature, and thus the more angular displacement occurs per linear displacement. The greater the radiality, the smaller the curvature,
and thus the less angular displacement occurs per linear displacement.

The prime-radiel and the prime-curvel turn out to be useful modifiers: When units of linear mechanics are multiplied by one or
the other of these, they can be neatly transformed into analogous units of rotational mechanics.

10Contraction of prime-curvaturel.



SQUARE RADIALITY, OR STERADIALITY. The square of radiality is also a quantity of interest. The square of the prime-radiel is the
prime-squaradiel (abbreviated msdl). A useful synonym for this, in the context of spherical geometry and solid angles, is the
prime:-steradiel (also abbreviated sd(). Note that this is equivalent to one prime-areanel per true-squaradian or true-steradian:

mlgt® _ Dart mm?

@sdt = ordt® = —— = = 67.27417100694,
®rad ®sr ®sr

Scalings of this unit, along with their colloquial synonyms, include:

UNIT AND ABBREV COLLOQUIAL AND ABBREV SI EQUIVALENTS
prime-squaradiel prime-morsel-squaradiality | = Omo-ar/®sr
prime-steradiel prime-morsel-steradiality = 67.2741710064, mm?/®sr
Esdl Emo-sd

prime-biqua-squaradiel prime-hand-squaradiality = [hd-ar/®sr
prime-biqua-steradiel prime-hand-steradiality = 96.87480625, cm?/®sr
abtsdl ©hd-sd

prime-quadqua-squaradiel | prime-ell-squaradiality = @l-ar/®sr
prime-quadqua-steradiel prime-ell-steradiality = 1.39499721, m?/®sr
dqtsdl ol-sd

prime-hexqua-squaradiel | prime-habital-squaradiality | = Chb-ar/®sr
prime-hexqua-steradiel prime-habital-steradiality = 2.0087969824 a/®sr
chtsdl mhb-sd

prime-octqua-squaradiel prime-stadial squaradiality | = Qg-ar/®sr
prime-octqua-steradiel prime-stadial-steradiality = 2.8926662146564 ha/®sr
doTsdl oe-sd

prime-decqua-squaradiel | prime-dromal-squaradiality | = Cdr-ar/®sr
prime-decqua-steradiel prime-dromal-steradiality = 4.16543934910464, km?/®sr
adfsdl @dr-sd

prime-unnilqua-squaradiel | prime-itineral-squaradiality | = Qitn-ar/®sr
prime-unnilqua-steradiel | prime-itineral-steradiality | = 599.823266271068; km?/®sr
Huntsdl Qitn-sd

Here, the choice of modifier in each colloquial name corresponds to the Primel area unit appearing in the numerator in the right-hand

column.'!

SQUARE CURVATURE, OR STERCURVATURE. The reciprocal of squaradiality is squarecurvature. Likewise, the reciprocal of steradiality
is stercurvature; this is a synonym applicable to the description of solid angles.

The coherent unit of squarecurvature in Primel is the prime-squarecurvel (abbreviated Escv{), the square of the prime-curvel;'?
this is also known as the prime-stercurvel'® (same abbreviation). This is equivalent to a true-steradian per prime-areanel:

(t)rad2 _ ®sr ®sr

msevl = mevt’ = 3 = ~ 1.4864545858124,
mlgl mHarl

cm?2

Scalings of this unit, along with their colloquial synonyms, include:

3 = are = metric unit of area = square dekameter = 100y square meters; ha = hectare = square hectometer = 10, 0004 square meters

12Tom Pendlebury, in his Tim-Grafut-Maz (TGM) metrology (see ht tps : //dozenal . org/article-goodman-tgm-coherent-dozenal-metrology),
introduced prefixes rada, radi, quara, quari, as TGM’s own version of (respectively) radiel, curvel, squaradiel, squarecurvel. Except that
Pendlebury’s forms resemble his scaling prefixes, rather than independent unit names.

13Contraction of prime-stercurvaturel.
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UNIT AND ABBREV

COLLOQUIAL AND ABBREV

PRIMEL & SI EQUIVALENTS

prime-squarecurvel
prime:-stercurvel
Escvl

prime-morsel-squarecurvature
prime-morsel-stercurvature

Emo-scv

= (®sr/mo-ar
~ 1.4864545858124,, ®sr/mm?

prime-bicia-squarecurvel
prime-bicia-stercurvel
ablscvl

prime-hand-squarecurvature
prime-hand-stercurvature
©hd-scv

= ®sr/chd-ar
~ 1.032260129132290, ®sr/cm?

prime-quadcia-squarecurvel
prime-quadcia-stercurvel
[qdscvl

prime-ell-squarecurvature
prime-ell-stercurvature
al-scv

= ®sr/l-ar
~ 0.71684731189742, ®sr/m?

prime-hexcia-squarecurvel
prime-hexcia-stercurvel
ahlscvl

prime-habital- squarecurvature
prime-habital-stercurvature
mhb-scv

= ®sr/hb-ar
~ 0.497810633262099, (®sr/a

prime-octcia-squarecurvel
prime-octcia-stercurvel
Holscvl

prime-stadial squarecurvature
prime:-stadial-stercurvature
[g-scv

= ®sr/Og-ar
~ 0.345701828654235, ®sr/ha

prime-deccia-squarecurvel
prime-deccia-stercurvel
mdscvl

prime-dromal-squarecurvature
prime-dromal-stercurvature
adr-scv

= ®sr/cdr-ar
~ 0.240070714343219, ®sr/km?

prime-unnilcia-squarecurvel

prime-unnilcia-stercurvel

Hundscvi

prime-itineral-squarecurvature
prime-itineral-stercurvature

Hitn-scv

= (®sr/Qitn-ar
~ 0.16671577384945, ®sr/mym?

Here, the choice of modifier in each colloquial name corresponds to the Primel area unit appearing in the denominator in the right-

hand column.'

ANGULAR DispLACEMENT. The rotational analog for length or linear displacement is of course angular displacement. From the

equation 5 = s/ above, we see that true-angular displacement 6 (as defined by Primel) is the ratio of arc length s to the radiality

r of the rotation.

Primel’s coherent unit of angular displacement is the prime-ang-lengthel (abbreviated @£1gt)."> This can be formulated as

the prime-curvel-lengthel (abbreviated Tcvl-lgl).

oXlgl = @evl gl =

Of course this is just a synonym for the true-radian. (We can generate even more synonyms by substituting synonyms for lengthel,

including displacel, distancel, etc.)

ANGULAR AREA. By a similar argument, the angular or spherical analog for planar area is angular area. Primel’s coherent unit of an-
gular area is the prime-ang-areanel (abbreviated @ ar). This can be formulated as the prime-squarecurvel-areanel (abbreviated

Escvl-arl).

mXarl = @scvl-arl =

(®rad
mlgt

(Drad2
DlgE2

Of course, this is just a synonym for the true-squaradian or true-steradian.

"“mym = myriameter = 10,0004 meters = 104 kilometers

- Olgl = ®rad

. E|lg£2 = (Drad2 = ®sr

SWhere ang is a contraction for angular, and is the pronunciation for the £ abbreviation.




ANGULAR VELOCITY. The rotational analog for linear velocity is angular velocity, which is the time rate of change of angular
displacement. In the conventional SI approach, this is symbolized as w, and is defined in terms of dimensionless angle 6:

_df  1ds v, v ds
=2 = L=
dt

=2 -2 ST

YT @ rdt T (SO

where v is the tangential (linear) velocity. Note that, because 6 is dimensionless, and because r is simply the radius (a length), this
gives w dimensionality indistinguishable from frequency (inverse time). This is problematic.

In contrast, Primel symbolizes true-angular velocity as w, defined in terms of true-angle 6 and radiality 7

1
o _1ds v, _ds (Primel)
r

(UJ‘_E

This gives w the dimensionality of true-angle per time.

Similar analysis applies when considering angular velocity as a vector in three dimensions:

rxv
w:W V, =wXr (SI)

. r XV
R Vi z

[
&
X
L]

(Primel)

Primel’s coherent unit of angular velocity is the prime-ang-velocitel (abbreviated @xvcl). This can be formulated as the
prime-curvel-velocitel (abbreviated Ccvl-vel). This simplifies to a true-radian per prime-timel:

BAvel = moviver — Drad Blel  Orad ) o, Orad
olgl mOtm€ @Etme
Scalings'® of this unit, along with their colloquial synonyms include:

UNIT & ABBREV COLLOQUIAL & ABBREV PRIMEL & SI EQUIVALENTS
prime-ang-velocitel prime-morsel-ang-velocity | ®rad/Evb-tm
mXvel Emoxve = Emo-cv - @vel | 34.56, ®rad/s
prime-uncia-ang-velocitel prime-hand-ang-velocity ®rad/@Etw-tm
DulXvel mhdxve = Ehd-cv - @vel | 2.88; ®rad/s
prime-bicia-ang-velocitel prime-ell-ang-velocity ®rad/@Elu-tm
Ebl X vel alXve = @L-cv - Ovel 14.4, ®rad/min
prime-tricia-ang-velocitel prime-habital-ang-velocity | ®rad/@tr-tm
atl Kvel mhbXve = mhb-cv - @vel 1.2, ®rad/min
prime-quadcia-ang-velocitel | prime-stadial-ang-velocity | ®rad/mbr-tm
EqdLvel EgXve = HEg-cv - @vel 64 ®rad/hr
prime-pentcia-ang-velocitel | prime-dromal-ang-velocity | ®rad/mdw-tm
EplKvel mdrxve = @dr-cv - @vel 124 ®rad/day
prime-hexcia-ang-velocitel | prime:-itineral-ang-velocity | ®rad/day
Hhl X vcl HitnXve = Hitn-cv - Evel

Here, the choice of modifier in each colloquial name corresponds to the presumed Primel curvature unit used to convert the linear
prime-velocitel unit into an angular velocity unit (shown in the center column).

16tm = time, vb = vibe, tw = twinkling, Iu = lull, tr = trice, br = breather, dw = dwell.



ANGULAR ACCELERATION. The rotational analog of linear acceleration is angular acceleration. In the conventional SI approach,
this is symbolized as «, which is the time rate of change of angular velocity w:
_dw  1d%s  a, d?s

= —_— = i —_ I
YT dt? (SD)

— = a
r dt? r L

where a, is the tangential (linear) acceleration. Note that, because w is indistinguishable from frequency, and because r is simply
the radius, the dimensionality of « is indistinguishable from frequency squared (inverse time squared), which is problematic.
In contrast, Primel symbolizes true-angular acceleration as o, defined in terms of true-angular velocity w and radiality 7

&
o de?

~  dw
o = =

G _1ds
dt

T (Primel)

a
1
— a;
r

This gives @ the dimensionality of true-angle per time squared.

Similar analysis applies when considering angular acceleration as a vector in three dimensions:

rxa
o= -—0 a, =axr (SI)
Il
_ rxa R
o= a =axr (Primel)

[x]? J

Primel’s coherent unit of true-angular acceleration is the prime-ang-accelerel (abbreviated @xacct). This can be formulated
as the prime-curvel-accelerel (abbreviated Ccvl-accl). This is equivalent to one true-radian per prime-timel squared:

d 1gl
BXaccl = @evl-accl = Orad  _Hg 5 =
olgl  mtme atmde

®rad

d
= 1194.3936, 20

s2

Scalings of this unit, along with their colloquial synonyms, include:

UNIT & ABBREV

COLLOQUIAL & ABBREV

PRIMEL & SI EQUIVALENTS

prime-ang-accelerel
mXacct

prime-morsel-ang-acceleration
EmoXacc =Emo-cv - Haccl

®rad/Evb-tm?
1194.3936, ®rad/s?

prime-uncia-ang-accelerel
Hul Xaccl

prime-hand-ang-acceleration
mhdxve = @hd-cv - @accl

104 ®rad/mtw-tm?
99.5328, ®rad/sm?

prime:-bicia-ang-accelerel
Ebl Xaccl

prime-ell-ang-acceleration
Elxacc = ml-cv - Haccl

®rad/Etw-tm?
8.2944, ®rad/s?

prime-tricia-ang-accelerel
mtl Kaccl

prime-habital-ang-acceleration
mhbXacc = @hb-cv - @accl

104 ®rad/mlu-tm?
0.6912, ®rad/s?

prime-quadcia-ang-accelerel
gl Kaccl

prime-stadial-ang-acceleration
EgAace = Eg-cv - Haccl

®rad/Elu-tm?
0.057, ®rad/s?

prime-pentcia-ang-accelerel
Epl Aaccl

prime-dromal-ang-acceleration
mdrXace = mdr-cv - Maccl

104 ®rad/@tr-tm?
0.0048, ®rad/s?

prime-hexcia-ang-accelerel
mhl Xaccl

prime:-itineral-ang-acceleration
mitnXacc = @itn-cv - @accl

®rad/@tr-tm?
0.0004, ®rad/s?

Here, the choice of modifier in each colloquial name corresponds to the presumed Primel curvature unit used to convert the linear
prime-accelerel unit into an angular velocity unit (shown in the center column).

ANGULAR MASS OR MOMENT OF INERTIA. The rotational analog of mass is known as moment of inertia or angular mass. SI defines
this as the mass m of the rotating object times the square of the radius r. But Primel uses the radiality r instead:



I=mr? (SI) I=mr? (Primel)

Thus Primel’s definition of true-angular mass is actually equivalent to SI’s version with the true-radianic operator applied twice.

Primel’s coherent unit of angular mass is the prime-ang-massel (abbreviated @4 ms(). This can be formulated as the prime-squaradiel-massel
(abbreviated msd{-ms{):

2
D4mst = EsdC-mst = ;ﬁ} - mmsl ~ 0.371200648827305, gr'::f
Scalings of this unit, along with their colloquial synonyms, include:

UNIT & ABBREV COLLOQUIAL & ABBREV PRIMEL & SI EQUIVALENTS
prime-ang-massel prime-morsel-ang-mass ~ 0.371200648827305, (%Cr—‘:;
cAmst Emoxms = @mo-sd - Imo-ms | = 51%:; - Oms{
prime-pentqua-ang-massel | prime-hand-ang-mass ~ 0.923665998489965 %::gz
OpTZmsl mhd4ms = @hd-sd - @hd-ms | = %ﬁf - OtTms
prime-decqua-ang-massel | prime-ell-ang-mass ~ 2.29837657736254, E‘Dg‘r—:iz
EdtAmst Bl4ms = @l-sd - Blms = ZEC . ghims(

Here, the choice of modifier in each colloquial name corresponds to the presumed Primel squaradiality unit (or Primel reciprocal
squaradiality unit) used to convert a linear Primel mass unit into an angular mass unit (shown in the center column). Each of these
steps increases the magnitude by 5 powers of dozen because they involve one power of dozen, squared, from the square radiality
unit, plus three powers of dozen from the mass unit.

ANGULAR MOMENTUM. The rotational analog of momentum is known as angular momentum. SI symbolizes this as a vector L and
calculates it as the cross-product of the radius vector r (position vector of the rotating object relative to the axis of rotation) times
the linear momentum vector p. SI can also calculate it as the product of its version of angular mass I multiplied by its version of
angular velocity vector w. This is by direct analogy with linear momentum being the product of mass m and linear velocity vector
v:

L=Jw=rxp p=mv (SI)
However, this gives L a problematic dimensionality indistinguishable from action (which is linear momentum times linear displace-

ment).

In contrast, Primel symbolizes its version of angular momentum as a vector L and calculates it as the cross product of the

radiality vector r of the rotating object multiplied by its linear momentum vector p. Primel can also calculate it as the product of

its true-angular mass I, times its true-angular velocity vector w:

L=Jw=rxp p=mv (Primel)

This gives L a unique dimensionality equivalent to action per true-angular displacement, analogous to linear momentum being

equivalent to action per linear displacement.

This distinction between action and angular momentum is at the heart of why the Planck constant seems to have two values: h
versus i = h/7. Both of these are expressed in units of action, but in reality physicists should be using #:

h  h/t h B L
®rad  @rad T -@®rad ©O

B =



In other words, when we include the missing true-angular units, both h and A express the same constant: 7, the quantum of

true-angular momentum. The only difference is whether this constant is expressed in action units per true-radian or per true-turn.

Primel’s coherent unit of true-angular momentum is the prime-ang-momentumel'’ (abbreviated @Ammd{). This can be for-
mulated as the prime-radiel-momentumel (abbreviated mrd¢-mm¢). Note that the result is equivalent to a primel-actionel per
true-radian:

1 t -cm?
mAmmt — ordemmt = 280 omme — 29U 15 so86044234717, TS
(®rad (®rad rad
This can also be formulated as the product of a primel-ang-massel times a primel-ang-velocitel:
OAmml = OXmsf - BXvel = @sdl-mst - @rdl\vel = @rd-mme
Scalings of this unit, along with their colloquial synonyms, include:
UNIT & ABBREV COLLOQUIAL & ABBREV PRIMEL & SI EQUIVALENTS
prime-ang-momentumel prime-morsel-ang-momentum | ~ 12.8286944234717, g'é”; iés
B4mml Omoxmm = Omo-rd - Emo-mm | = Blrg:(j - EOmmf = %‘f—;ﬂ
2
prime-pentqua-ang-momentumel | prime-hand-ang-momentum ~ 0.923665998489965, %‘%d/s
EqTAmme ghdXmm = @hd-rd - Ghd-mm | = %Tf; - Ettmmi = %ﬁ’:&ﬁ
2
prime-decqua-ang-momentumel | prime-ell-ang-momentum ~ 2.29837657736254, %'ri’:dés
HotAmml OAmm = @0-rd - @¢-mm = %‘% - @htmm{ = %’Tﬁ{

Here, the choice of modifier in each colloquial name corresponds to both the Primel radiality unit and the linear Primel momentum
unit (shown in the center column). Each of these steps increases the magnitude by 4 powers of dozen because they involve one
power of dozen from the radiality unit, plus three powers of dozen from the momentum unit.

ANGULAR FORCE. The rotational analog of force is known as angular force or torque. SI symbolizes this as a vector T,'® and
calculates it as the cross-product of the radius vector r (position vector of the rotating object relative to the axis of rotation) times
the linear force vector F. SI can also calculate it as the product of its version of angular mass I multiplied by its version of angular
acceleration vector cx. This is by direct analogy with linear force being the product of mass m and linear acceleration vector a:

T=Ia=rxF F =ma (SI)

However, this gives T a problematic dimensionality indistinguishable from work (which is linear force times linear displacement).

In contrast, Primel symbolizes its version of true-angular force as vector T, and calculates this as the cross product of the

radiality vector r times its linear force vector F. Primel can also calculate it as the product of its version of true-angular mass I,

times its version of true-angular acceleration vector o:

T=Ila=rxF F=ma (Primel)

This gives T its own unique dimensionality equivalent to work (i.e., energy) per angular displacement, analogous to linear force

being equivalent to work per linear displacement.

17 An acceptable contraction for momentumel is momel.
8This is uppercase Greek tau, indistinguishable from Latin T. SI actually uses lowercase tau () for this. But I am avoiding this in order to

reserve 7 = 27 as a circle constant.
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Primel’s coherent unit of true-angular force is the prime-ang-forcel (abbreviated @ 4 fc?). This is formulated as the prime-radiel-forcel
(abbreviated mrd(-fcl), which is equivalent to one prime-workel (or prime-energel) per true-radian:

1 K
ol — mrdefet — 220 mger = BV L 44 3350679275181 M
(®rad (®rad ®rad

This can also be computed as a prime-ang-massel times a prime-ang-accelerel:

mxfcl = mxmsl - mXaccl = @sdl-msl - @rdl\accl = mrdl-fcl

Scalings of this unit, along with their colloquial synonyms, include:

UNIT & ABBREV COLLOQUIAL & ABBREV PRIMEL & SI EQUIVALENTS
prime-ang-forcel prime-morsel-ang-force ~ 44.3359679275181, ®“—:ﬂd
mfel Emofec = Emo-rd - Bmo-fo | = L - @fel = %‘WW‘;SI
prime-quadqua-ang-forcel | prime-hand-ang-force ~ 0.919350630945015, @ﬁ
oqtLfet mhdXfc = @hdrd - @hd-fc | = @)Lulgdf - atifel = DqTr\Zléf
prime-octqua-ang-forcel prime-ell-ang-force ~ 2.29837657736254, Gﬁ
ot fel ol fc = @erd - @e-fe - B@'ﬁf - @hifel = B&Er

Here, the choice of modifier in each colloquial name corresponds to both the Primel radiality unit and the linear Primel force unit
(shown in the center column). Each of these steps increases the magnitude by 4 powers of dozen because they involve one power
of dozen from the radiality unit, plus three powers of dozen from the force unit.

TRANSLATIONAL AND ROTATIONAL KINETIC ENERGY. Primel’s versions of true-angular mass (I') and true-angular velocity (w) can

be used to calculate the rotational component of an object’s kinetic energy (Ey). This is directly analogous to how the translational
component of kinetic energy (E;) can be calculated from the object’s mass (m) and linear velocity (v):

2 1

i@ E; = Emv?‘

By =

N =

Note here that two true-radianic operators cancel out two true-radian operators. We can confirm this by looking at Primel’s units for
these equalities:

mngl = @XmsC - nxvet? = msdl-mse - IﬂrdZ\Vc/&2 = (E|rdl7,2 . ElmsE) (Elrdlfz . E|VCE2) = @Omsl - @vel? = Engl

REUSABILITY OF UNIT NAMEs. All of the quantitel and quantitelic unit names described above have been specific to the Primel
metrology, so they have all sported Primel’s brand prefix prime- or its brand mark @. Nevertheless, they can be reused for other
metrologies by simply replacing Primel’s brand mark with the brand mark of another metrology (and of course recomputing the unit
sizes in terms of that metrology’s own “mundane realities”).

ANGULAR TRANSCENDENTAL FUNCTIONS

An additional problem encountered when considering the dimensionality of angular displacement is the question of how to treat
trigonometric and other transcendental functions that take angular displacements as arguments. Such functions often have Taylor
series expansions, which are infinite sums of terms each containing differing powers of the argument. Such terms would not be
commensurate with each other, and so could not be added together, unless the original argument were dimensionless. To see the
solution to this issue, let us first consider how to apply the true-radian and true-radianic operators to a mathematical function.
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The true-radian operator applied to a function f is fairly straightforward. Function f would take some number of arguments
but return a result that can be interpreted as an dimensionless angle. Without loss of generality, let’s consider a function f taking

one argument x:
flz) =9

Applying the true-radian operator defines a new function f that converts the result of f to true-radians:

f(z) = f(z) ©rad =9

The true-radianic operator applied to a function is more interesting. In this case, the original function f would take arguments,
some of which may be dimensionless angles. Without loss of generality, let’s consider a unary function f(6) where the argument

0 is a dimensionless angle. Applying the true-radianic operator defines a new function f that would take a true-angle argument 6.

What this function would do is apply the true-radianic operator to its argument 8, effectively canceling out the true-radian operator
on the argument, turning it into dimensionless 6, before passing it on to the original function f:

r(0)=r(e)=re®

In this way, this introduces a new “complete” function f accepting a true-angular quantity 8. But since f extracts the dimensionless

measure quantity 6 = 6 and passes that on to the original function f, this leaves f itself free to calculate any terms it likes from 6.

For instance, if f is transcendental, then it is free to do an infinite Taylor series expansion:

e o~ ) x 02n+1 93 95 97
sln9:sm€:sm9:nzzo(—1) m:9_§+ﬁ_ﬁ+
9 2 - n 02" 9> 6+ 6"
cgs@-cosg—cose—;(fl) 2! —1f§+z—a+

~ ~ . O " 02 93 94 9°
expif =expif =expif=e® = " — =14i0— — —i—+ — +i— — ...
& ‘ 2 ot '3t T ar T

2 4 3 5 ~ ~
= (1—%4—%—...) +i(6—9—+9——...> =cosf +isinf = cos O + isin 6

This is why it was important to distinguish 6 as a true physical quantity with physical dimension, while nevertheless preserving
the mathematical status-quo interpretation of 6 as a dimensionless pure number.
The heart of the matter is that mathematical functions, including transcendental functions like sin, cos and expi, actually compute

relationships between pure mathematical abstractions with no regard to any sort of physical manifestation in the real world. Not
even the geometric interpretation as angles in the plane is really pertinent to the abstraction (although it can provide intuition to aid

in understanding it).
On the other hand, functions such as sin, cos, and expi do relate to real physical quantities that can actually be measured. But to

further manipulate these quantities, we need to strip them of their physical dimension and bridge into the world of pure mathematics.
This is fine, but it does mean that we have identified two quite different, yet related, kinds of function, applicable to very different

contexts. Problems only arise when we try to conflate the two.
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MOoRE TO COME

Designing Primel’s angular mechanics units has required diverging from SI’s approach to the subject. But as it turns out, such
divergence was not entirely unprecedented.

The next article in this series will cover Primel’s units for electricity and magnetism. You may find the divergence from SI’s
treatment of this subject even more dramatic than angular mechanics. I will examine not only the usual types of electromagnetic
quantities encountered by first-year physics and engineering students, but in fact all the various kinds of quantities embodied in
famous equations by James Clerk Maxwell and others.' Primel’s approach does not in any way change the dimensionality of these
quantities. However, in order to derive a balanced system of quantitel unit names for them, it does make interesting changes to the
terminology applied to electromagnetic quantities. This may actually prove to be the most controversial aspect of the metrology. I

hope you all get a charge out of it.®

PRIMEL @ SUMMARY OF ANGULAR MECHANICAL UNITS
QUANTITY QUANTITEL ABBREV | DECOMP. | METRIC EQUIVALENTS
Plane Angle true-radian (®rad ®rad ®rad
Angular Length prime-ang-lengthel oxlgl
Square Angle true-squaradian ®sr ®rad? ®rad?
Solid Angle true-steradian ®sr
Angular Area prime-ang-areanel Exarl
Radiality prime-radiel o4rdl (E‘ﬁ = 8.202083, 22
Curvature prime-curvel mxcvl % ~ 1.219202438404877, le;—ad
Squaradiality prime-squaradiel mXsdl %;E = 67.27417100694, G')"'rﬁz
Steradiality prime:-steradiel
Squarecurvature prime-squarecurvel E4scvl g:{ ~ 1.4864545858124, GS::SZ
Stercurvature prime-stercurvel
Angular Velocity prime-ang-velocitel mxvel g:jﬁ = 34.56, %
Angular Acceleration | prime-ang-accelerel mXaccl é?n:j‘; =1194.3936, %
Angular Mass prime-ang-massel Hxmsl %;IEE? ~ 0.371200648827305, é‘i‘;i
Moment of Inertia
Angular Momentum | prime-ang-momentumel | @Amm¢{ | F< ~ 12.8286944234717, g'cm:;és
Angular Force prime-ang-forcel mAfel | G ~ 44.3359679275181y i
Torque

YSee https://en.wikipedia.org/wiki/Maxwell's_equations.
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