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All figures in italics are duodecimal.

THE NEW MUSICAL NOTATION
by Velizar Godjevatz

The musical theory stands on the supposition of seven tones of a
“natural order,’” and our musical pedagogy 1s a mixture of false
theology reinforced by military drill. We have tolerated an irra-
tional way of designating the tones that we have worked with for
the last 250 years, until nov we have arrived at a stage where
there are more exceptions than rules. But it was not always so.

In vimes when accidentals were really exceptions, up to the six-
teenth century, everything was clear, and a highly elaborate tech-
nique was evolved. The number of musical signs (notes), names, and
tones was equal, and I look upon this equality as the preliminary
condition for all fruitful undertaking. It is true that even then
the semitones were graphically represented as whole tones, and
this leads us to the conclusion that music has never possessed a
true notation.

But with the advent of the 12-tone tempered system, things be-
came worse. We know that 7 is a prime number, and that 12 is di-
visible by 2, 3, 4, and 6. It is impossible to adequately express
anything of a twelve system in a seven system notation. To cite
only a few musical idioms, there is no adequate expression in the
whole-tone scale for the much used and abused diminished chord of
the seventh, or for the augmented triad, which are simply the
division of a region in 6, 4, and 3 equal parts. A notation and a
theory which continues to ignore for two and a half centuries the
existence of nearly half of the elements of our musical system,
the materials of which our musical works are built up, has lost
every right of existence.

It should be borne in mind that our present musical notation was
concelved for another musical system in use centuries ago. When
Werckmeister definitely established our 12-tone equidistant sys-
tem, and Bach drew the necessary conclusions in publishing his
“Well Tempered Clavichord' in 1722, the notation was not changed
to accomodate the practical results obtained by embracing this
new system.

But this was not the only drawback in music. It did not eveu
follow the general acceptance of Arabic numerals, although Leonardo



2 The Duodecimal Bulletin

Fibonacci had published in 1202 his “Liber Abaci,” in which

for the first time Arabic (or rather, Hindu) numerals were 1intro-
duced to the West. We still designate musical intervals in Roman
numerals, with the disastrous result that everyone who hgs any-
thing to do with written music 1s compelled to adopt an illogical
and tiresome way of reckoning.

The error is that we do not have a unit of measure, - although
it is quite easy to establish one for an equidistant system, -
and that we use ordinal numbers for measuring distances. The
Roman numerals have no conception and symbol for zero, and we
cannot measure distances to be expressed in numbers witbogt it.
Zero not only expresses the absence of units in phe position it
occupies, but it also, as an ordinal number, indicates the ini-
tial point, and denotes a direction in a set of numbers.

Another illogical stock-in-trade that a musician has to deal
with, is the inexact graphical representation of intervals on the
stave. The graphical distances do not correspond to the inter-
vals, hence the need for using clefs, in order to determine the
position of the so-called diatonic half-tones (semitone§). Oar
intuition is constantly challenged by the inexact graphical rep-
resentation, and the number of unnecessary mental operations in
determining the exact position of a tone is so great, that it
takes years for even intelligent persons to master this king of
cryptography.

It is impossible to reason on false figures. They prevent ra-
tionalizations which might shorten our work and perfect our tech-
nique. Let us replace these pre-logical trials and errors by a
real method. Instead of musical catechisms with ready-made )
questions and answers (written by persons immune to the real}ty
of facts), let us bring common sense to the knowledge of musical
fundamentals, and try to draw the necessary conclusions for all
particular cases by ourselves.

To sum up briefly, the problem of musical notation is the most
important problem in music today. On 1ts satisfactory solution
depends the progress of music, despite the fact that the major-
ity of musicians desperately seek to prove that it 1s not pos-
sible, and not even desirable.

The smallest frequency by which we hear and perceive a sound
is 16 vibrations a second, and the greatest is about 16,384.
Between these limits lies the Audition Range.

Starting upwards from any sound, producing a series of sognds
as close to each other as possible, we arrive at a sound which
seems like the initial sound; and continuing, arrive_at aqother
like sound, and so on. The same is true in the opposite direc-
tion. For the interval which separates two consecutive similar
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sounds, I propose the name Homosonance, as more suitable than the
term Octave.

Starting from the lowest sound (16), we can establish its ten
homosonances, and we shall call the range between two consecutive
homosonances, a Region. The term Region will be used also to
locate any tone between these limits; - for instance, as lying in

the 3rd Region.

A region can be divided into an even or odd number of intervals,
which can be equal or unequal. The System in general use divides
the region into a dozen equal! (equidistant) intervals. It is in-
teresting to note that our system is not the only equidistant di-
visional system. The system Slendro from Java has 5 tones, and the
Siamese has 7 tones.

The Notation Godjevatz

In our musical system we have twelve tones. They can be written
on and between the lines of a stave of seven lines. For ease of
reading the central line can be ommitted.

It would be advisable to employ for our dodecaphonic musical
system the duodecimal number system. Every tone could easily be
designated by one digit only, and this would be its relative
pitch. Each region can be designated by a number of two digits,
and this would state its exact or Absolute Pitch. The tones for
the Srd Region are written below, with their location on the new
stave, their common names, their numbers, and their new names.

c d e f g a b ¢
= [ =
. = Lo =
e~ s
N o T—

— T
o

a b c d e f h i J k 1 a

g
30 31 32 33 34 35 36 37 38 39 3X 58 40

The notes on the first and last line (exterior lines) repre-
sent homosonances. Staves may be superposed by combining the
lower line of the upper stave and the upper line of the lower
stave. The common line of the combined staves should be heavier
for ease of distinction. For illustration, we show an extract
from Chopin’s Etude op. 25 no. 9 as it is in the original edi-
tion, and as written in the Notation Godjevatz.



The Duodecimal Bulletin

_ é—:ﬁ T;rffhf \LPe P

U EEE A Iy

) ¢ Y e
== anap===n

logaiero, i
2. . & i 5
W: T z 3 t__E_.l‘ - 9 f
] = i 4 » 15 r ) A .
. S m— e i f = 7. w—
7 o e [

A
=
1,

i
|
| 4
7 Wik 2 o ] 1
s|EBEEEo - | PERESE
- r =
1 T 1 IN 1 L L8 L1 -
| o A ¥ | ] 1 1
= y 1 s - P L E——y . —
Sy - D il 0 Pl | 4 A+
I v T T q 7 1 y | 13-
Ty { ¥ —+ B v
)) 1™y is 1 A ¥
” 1 T r WA B A I
-4 - - a 'y » .‘t
18 1 & I]

= O BN

The mental burden which fetters every musician nowadays can be
relieved, and himself freed from all unnecessary work in order
to concentrate on more advanced problems, only by adopting an
adequate musical notation. In other words, using a symbolism by
which all transitory reasoning could be done almost mechanically,
and so this time-saving device be of the highest value to crea-
tive work proper.

It 1s not an exaggeration to say that the solution of certain
tasks and problems, as well as the development of new possibil-
ities, depends solely on the logical order of the constitutive
elements and the proper choice of the nomenclature.

Our task is to revise all the fundamental ideas of music, and
this must be done by the introduction of a new notation. This
notation should offer a more perfect tool in the hands of the
musician, offering him a wider outlook to new possibilities, for
it 1s a time-saving device which eliminates many unnecessary
mental and material operations.

At the same time, it should be accessible to every intelligent
person, just as the reading and writing of one’s mother tongue.
Its foundations and general ideas should not be in contradiction
to other fields of human knowledge, so that the logic we use for
everything else would be equally applicable to music.

The advantages of the proposed notation are:

1. All of the tones of our musical system are enumerated.
Their number is twelve.
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2. Every tone is designated by its proper name, which cannot
be applied to another tone.

3. Every tone 1s represented by a single graphic sign, which
has its proper place on the stave.

4. Every tone is written in the same manner, independently
of the region where it belongs.

5. The graphical distances correspond exactly to the
intervals.

The adoption of the duodecimal musical notation would create,
besides the improved geometrical representation of the musical
process, another way of dealing with tones, a sort of musical
arithmetic. The mastery of instruments by professionals, as well
as amateurs, would be highly augmented, and the learning time
would be considerably reduced. This would encourage more people
to learn to play an 1instrument, people who otherwise would not
expend the time and effort required to master a good reading-
knowledge of music, a condition of prime necessity.

Let me add that recent development of new musical systems of
24, 36, and 48 tones to the region can have a real start only by
the adoption of a musical notation on the dozen base, and not
seven as it stands now. While a few supplementary signs would be
necessary, the duodecimal notation is excellently adapted for
facility in these new fields.

EXPANSIBLE AND REVERSIBLE SQUARES
by Robert Gutmann

The paper byCharles Q. De France in the Bulletin of February,
1947, suggested to me that the following list of squares, which
bghave s1m11§rly to his Expansible Integers to a limited extent,
might prove interesting. These constructions are valid for the
decimal as well as the duodecimal base: in fact they hold true
for any base larger than nine.

122 = 144 1022 = 10404 10022 = 1004004 100022 = 100040004
212 = 441 2012 = 40401 20012 = 4004001 200012 = 400040001
132 = 169 1052 = 10609  1003% = 1006009 10003° = 100080009
312 = 961 3012 = 90601 30012 = 9008001 300012 = 900060001

_1122 = 12544 1222 = 14384 101022 = 102050404

211° = 44521 2212 = 48841 201012 = 404050201

115% = 12769 . 101032 = 102070609

3112 = 96721 301012 = 906070201

112 = 121 1112 = 12321 11112 = 1934321

101% = 10201 101012 = 102030201
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| WHAT IS =n?

| by George S. Terry

;‘ The value and evaluation of T appear to have perennial inter-
est. The following alternative method to Mr. Scifres’ neat ex-
position in Vol. 3. No. 1. of the Bulletin of Feb. 1947 is

\ offered because derived from simple fractions, having no ap-
parent connection with the circle.

w-gl 142 v 103 135 1357 +]
2 2320 24525 246727 246892°

The second term may be obtained by multiplying the first by

2 2
'-i——; the third by multiplying the second by-43——; the fourth

52-1 5 9%-1
from the third by 5 . and in general, the (n+1)th from the
nth by M .

(4n+1)%-1

Since the multiplier approaches more and more glosely to a 5
square, this method may perhaps be called “squaring the circle.

The terms necessary to give one dozen places are: -

| 3.

|
L0203 7249 7249 7
| L0037 486% B8 7

| 0007 4716
I 0001 4386 5888 9
I 314 W59 3
| 0777 5916 S
i 0165 45X5 4
i 0040 0458 2
| 000X X 8
i 0008  25%2 1
f 5546 £
17 %
0369 6
0098 1
0022 5
0006 1
0001 5
3
1

3.1848 0949 3292
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A DUODECIMAL SLIDE RULE
by Kingsland Camp

A slide rule should be designed for maximum utility. In order
of simplicity, there are three general uses for this tool:

Reference, by setting of the indicator only: This use is sim-
plest but so far least important or frequent since even a few
small pages of four-figure tables will furnish reciprocals,
squares, cubes, roots, sines, tangents, and logarithms as
quickly and more accurately than can any slide rule of conven-
lent size.

Two- factor calculatjions, by setting both indicator and slide:
Simple products or quotients, involving only two numbers. Prob-
ably many users venture beyond this stage only if one factor is
a sine, tangent, or square, making use of the proper scale
obvious. '

Compound Calculations: The possibilities of this are only

dimly felt by the ordinary user, but are the stock in trade of

the slide rule “wizard.” The secret of his skill is complete
awareness of the fixed algebraical relation of each scale on the
slide with each other such scale, and also the similar relations
that hold between the scales on the frame. Illustrations will
appear hereinafter; but it may confidently be laid down as a prin-
ciple, that the more simply and logically the various scales on
the instrument are related to each other, the wider would be the
circle of those who make use of these possibilities of compound
calculation, and the more frequent and confident would be their
use even by experts.

If our Society is to produce a slide rule of maximum usefulness
and efficiency, let us put traditional arrangements on the de-
fensive at once and ask, What has been the necessity, since the
time of the invention of the hair-line indicator, of always hav-
ing the B and C scales of the slide adjacent respectively to the
A and D scales of the frame? We habitually use the indicator in
setting the slide and reading our answers anyway. Suppose we lay
down a first simplifying principle of arrangement: every scale
whose reciprocal (or inverted) scale is on the same member of the
instrument, should lie immediately alongside that inverted scale,
with the latter lettered in red and its markings extending in the
opposite direction. Thus for illustration (except that red ink
is not used in our Bulletin):

?Afl

f.f.T'L‘{ﬁlfﬁnllsi|lli o, .If,.".f.‘t‘ . ?[
AR PV A R a A
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Of course similar pairing of decimal scales with their recipro-
cals would show no such frequency of lines common to the paired
scales. More detail in the above sketch would show at least all
the following pairs of numbers with reciprocals as single straight
lines:

14 16 20 23 28 30 40 46 54 60 80 90
0 80 60 54 46 40 30 28 23 20 16 14

With such pairing, separate designation of the inverted scale (DI,
CI, CIF, IO, etc.) becomes unnecessary as the significance of the
reciprocal scale is clear. Especially clear would be the nature

of the CIF scale; one wonders if even the experts sometimes mis-
take it for a folded CI scale instead of the inverted CF scale
that it is. 7 as it happens is so close to the square root of ten
(and little farther from that of twelve) that an answer found on
such a misapprehension could easily pass undetected.

Perhaps also a certain stunt of the “lightning” slide rule worker
would by this arrangement be a little easier to grasp and use: the
separation between different marks on a scale and on its inverted
scale may be treated as representing the product of the quanti-
ties indicated if the inverted scale mark is to the lefc;'other—
wise as if it represented the reciprocal of the product, in the
course of any calculation in which we deo not care about the pro-
duct for 1itself.

Proposed Arrangement in General.
I. The Conversion and Power (or “Loglog”) Side of Instrument.

Upper el = 1.10621 e = 2.87523. At yX2zE, €70
P n n :
Frame: e™rt = [Eosdo e~t= 44E84;at . 000016= 416,710
Duodecimal ]
Power e" 001 = 1.001000 = 1%1000. €'°% = 1.01006. AU 1,10621,¢"
Scales : . :
¢~+901 = FFEpoz = 3002 ™01 = [ £Eoo6. At .Fosko, e*?
Stide: . 1 2 3 4 5 6 78941 2 3 4 5 6 780kE1
Duodecima . . . - s+ bewanss __ : _ : : . : ..... :
"B"Scale 1EYo87 6 5 41 3 2 1E¥087 65 4 3 2 2
Décihal 1t 2 3 4 564981 " 2 3 4 567978 7
"B"Scale e e
1987 6 5 4 3 2 % 198765 4 3 2 1
Lower €1/12 = 1.08690 e = 2,71828. At 162755,¢12
Frame: g Z o
Decimal e71/12 = 43004 e”1=.36788;at .0000061=361 ,e ;2
Power 51/1728=1.000579=13579 51/1““=1.oo697; at 1.08690,e/12
Scales 5 — : T
e™1/1728= 90455 = 3422 e71/144 = 55308; at .ga004,e”1/22
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This outline of course is schematic and not proportioned, its
height being perhaps twice the width but its width only about one
third the length, of the actual instrument proposed, which is to
measure twelve inches from the left to the right index of its C
or D scales.

The arrangement should serve the present important era of
transition: as the upper duodecimal power scale parallels the
upper decimal one throughout, conversion from either base to the
other is effected simply by reading from the indicator; the lower
duodecimal power scale parallels the lower decimal one similarly.
Thus, including the reciprocal power scales paired with the
others, any indicator setting converts four different numbers on
the duodecimal power scales into their equivalents on the decimal
scales, and vice versa.

Such conversion is also possible on the slide for the restricted
range 0.1 to 10 (1/12 to 12), regarding its central index as
unity on both bases, but the chief use of the slide would be for
computation. It will be possible to find any nth power or root

(along with its reciprocal) within the scope of the duodecimal
power scales, simply by setting a unity point of the ducdecimal B
scale to the given quantity and, opposite n on that B scale,
reading the required result on whichever duodecimal power scale it
falls. The decimal B scale is not quite so versatile: it will
serve to find an nth power or root (and reciprocal thereof) within
either one of the decimal power scales; but if the result is on
the other decimal power scale from the given quantity, the latter
is set opposite an upper B-scale reference mark (asterisks at 144
in diagram) if the given quantity is on the upper decimal power
scale; vice versa if the given quantity is on the lower decimal
power scale.

It will be easy to master the trick just above with very little
practice, however the description may sound; but it deserves pass-
1ng mention that, just as a device for finding decimal powers and
roots, this instrument will be more helpful with interest and dis-
count problems, certainly not an unimportant field, than almost
any slide rule now extant, simply because it pairs power scales
with their reciprocals: frequently in such problems we require the
reciprocal rather than the power or root itself. A minor inci-
dental advantage: with the slide in a position of rest, as it were
(its central unity index set to the mark for e on either power
scale as in the illustration), hyperbolic sines and cosines are
fairly easily improvised - in the absence of tables, of course -
as half the difference or sum of ¢* and e *, both then available

at one reading on the power scales by setting indicator to x on
the slide.
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II. The Duodecimal Scales on Reverse Side.

The arrangement of the “ loglog” side of the instrument, detailed
just above, is almost inevitable for our purposes and probably
cannot be very much improved on. But the scales to appear on the
other side, and their arrangement, should be reviewed by a _
practical-minded committee acquainted with several gf the more im-
portant fields of use of the slide rule. The following arrangement
for this reverse side is my own present preference, subject to
revision if good reasons are advanced.

Since calculations are more accurate with full-length than with
two-cycle (“A” and “B”) or three-cycle (“K”) scales, since practi-
cally all useful powers and roots can be found with the “loglog”
scales anyway, and since there is already a “B” scale on the other
side of the slide, not to mention the possibility of representing
x° or its reciprocal by the separation of the marks for x on any
scale with its inversion, it seems practicable to dispense with
multi-cycle scales as far as possible and to equip this side of
the instrument thus:

Upper half of frame: D scale paired with reciprocal (DI)

scale
DF scale paired with reciprocal (DIF)
scale
Slide: C paired with reciprocal (CI) scale

CF paired with reciprocal (CIF) scale
Lower half of frame: Full-length sine (S) scale
Full-length tangent (T) scale
Full-length small-angles (ST) scale
Also the L (Log,;,) scale

On most present models, the trigonometric scales appear on the
slide, possibly for use in conjunction with the power scales in
some field of mathematics with sine or tangent exponents; but on
this instrument such a use would raise the given number, not to
the sine or tangent power, but to the square of such a power: a
result probably wanted comparatively seldom.

This arrangement affords ample means of working product, square,
cube, reciprocal and quotient problems with full-length scales.
Also it enables solving in one setting of the slide, any plane
right-triangle problem* for which the least angle A exceeds .018¢
(about 4°50'). For with side c¢>b>a, we have

1 b‘l _ a1

sin 4  tan 4 1

* Except for the case that is probably least frequent: if ¢, b are the
given parts it is necessary first to find angle A or B.
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reading the sides on whichever reciprocal (CI or CIF) scale of
slide contains ¢, b in the order given. Among other uses this
setting enablés instant solution of the important vector re-

lation, € =\/a%+b?, transformation from rectangular to polar co-
ordinates, and vice versa. It should be committed to memory by
all users of this rule.

Of course for the least angle less than about .07£° the middle
side is too nearly equal to the hypotenuse for the slide rule
order of accuracy. Nevertheless a duodecimal devotee cannot help
remarking at this point on the simplicity and efficiency of our
proposed ST scale, essentially a “folded” scale with the factor
271: no subsidiary seconds point is needed as for present-day
circular measure; all sines, angles, or tangents less than
.01£° are indicated merely by properly pointing off ciphers. On
this scale, the circumference-factor 2m = 6.2832 or 5.3494, co-
incides with the unity index of the frame.

Details.

In the interest of easy reading, the series of parallel marks
that constitute a scale should one and all represent commensurable
numbers. Their sequence should not be confusingly disturbed or in-
terrupted by a special mark of the same kind for € on the loglog
scales or for 7 on any scales. Such quantities should be indicated
otherwise: probably by a red dot suitably placed between the reg-
ular marks, with the proper symbol just over or under it. (On the
sketch of the loglog scales earlier in this essay, several powers
of € with their arithmetical values were shown, in order to sug-
gest the proper scope of the loglog side of the rule. Only e 1t-
self 1s intended to be actually indicated on the instrument, and
at that only by a dot as just suggested.)

No scale should terminate abruptly at an incommensurable point
but, even if (on the frame) the indicator cannot be pushed so far,
the scale itself should extend to include some easily read or
recognized number just beyond. And it would be convenient, 1f
mechanically possible, for scales on the slide to run practically
its whole length.

If practicable, the series of marks for subdivisions of a given
order should steadily decrease in length as they become crowded
and are discontinued towards the larger digits of a scale. (I en-
deavored to suggest this in my crude drawing of scale-and-
reciprocal scale above.) It would be desirable also if the printed
reference numbers could be made to follow such a trend of the
marks by size or position or both.
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The important subdivisions will be units, halves, fourths, and
twelfths: no confusing sixths or thirds should appear as such on
the scales. When the twelfths become crowded, the outstanding
fourths and halves should continue; where fourths crowd, the halves
should continue; where these must disappear, only the units should
survive to become twelfths in the next cycle.

A compact convention for denoting series of zeroes, of 9’s with
decimals, or of £'s with duodecimals, 1is rapidly becoming necessary
not only in connection with stellar distances, atomic dimensions
and forces, and national debts, but guite evidently also at the ex-
tremes of the loglog scales where the exact index point for a long
number is sometimes not immediately clear. As illustrated in several
places in the foregoing diagram of the conversion and longg §ca1es,
I tentatively suggest a dot below a displaced numeral for indicat-
ing omitted ciphers following a decimal point (unless such dot and
numeral end the number); a dot above a displaced numeral to indicate
omitted 9's or &'s. Thus, whether decimals or duodecimals,

121 = 1.001; 31 = .0001; 24 = 20,000; but .4 = .9994 with decimals
while 34 = .24 with ducdecimals. 3

A remark on magnifying indicators may not be amiss. These are
usually simple cylindrical lenses, cheap to everyone but the .pur-
chaser, and they enlarge the axis of their field but obscure the
margin in a way that is often confusing on portions of the scales.
A more useful and quite feasible design of moulded glass would
taper towards level at the edges but towards a cylindrical hump
in the middle, with cross-section resembling the normal curve of

i~ . . . ]
error, J = € X . This would magnify the axis of its field but
minify a little parallel zone on either side and thus avoid ob-
scuring any marks or numbering below it.

The L (Logz scale has possibilities of peculiar usefulness on
a duodecimal 1nstrument, not at all shared by its counterpart on
the decimal base. On the rule we propose, this is to have the
useful length of one foot, and usefully subdivided duodecimal ly
throughout. If the end pieces of the frame hold the instrument
sufficiently above a chart or drawing laid over a smooth surface
such as a desk or drafting-table top, for the sliding indicator
to just clear that surface, a mark or pointer on the indicator
will measure the separation of any two points (within a foot
apart of course) with accuracy of probably .0l inch and a min-
imum of eyestrain. This incidental useful feature should not be
overlooked in the final design of our instrument.

NS EUSY SN 2
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CIRCULATING DIVIDENDS
by Harry C. Robert, Jr.

Revolving numbers, sometimes called cyclic or circulatory num-
bers or periodic fractions, have for many years been a subject
of considerable interest and have been extensively investigated
by mathematicians of every degree from amateur to master. There
is another class of numbers which appear to be fundamentally re-
lated to revolving numbers but as far as can be learned from a
casual search of the literature have never been investigated.
These numbers are sequences of integers which are always divis-
ible by some prime, D, regardless of which integer is used to
start the sequence. For example:- 4182 is devisible by 25, and
also 1854, 8541 and £418 are divisible by 25, For the purposes
of this preliminary paper such sequences will be referred to as,-
“circulating dividends. "

The mathematical basis for the performance of these numbers
is simple. Let ¥=(abcd..) be a number of K integers, and let
K¥=(bcd...a) be a number composed of the same X integers used in
the same order but starting with b instead of @, that is, we
have simply moved the first integer, @, from the left end of
the sequence to the right end. Expressing this operation alge-

braically-
¥ = 100y - (10)%1(a)) + (0)
¥ = 10N - a(10%*1) Eq. (1)

It is obvious from Eq.(1l) that if any factor of (10% 1) is
a devisor of ¥, it must also be a divisor of ¥. Since this op-
eration is entirely independent of the value of the integer a,
we may repeat the operation by moving b, 2, etc., each in turn
from the left end of the sequence to the right end and each
number thus formed will be divisible by any factors of (10% 1)
which are also factors of the original number, ¥.

The divisors of (10% 1) are all primes having a length of
period which is a factor of K. A list of prime divisors for
small values of X follows; others may be found by referring to
The Dozen System:

Prime Prime

Divisors of (10% 1) B Divisors of (10% 1)

2 7 2, 462, X3

2y 11 38 & 11, 5, 25, 75, 175

g, 111 B 9 £ 111, 31, 3X891

g, 11, 5, 25 X £ 11, 11111, D51

g, 11111 S8 AL, 18, 75482941

g, 11, 111, 7, 17 0 £ 11, 5, 25, 111, 7, 17, 01
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Now any number which has an odd prime factor other than 3
is the basis of a circulating dividend. All that is required is
the addition of sufficient zeros to make the sequence total the
% figures required for the particular divisor. For example: -
175 must have a R of 8 or multiples thereof. So we write
0000 0175, and 1750, 1 7500, 17 2000, 175 0000, 1750 0000,
7500 0001, and 3000 0017 are all divisible by 175. As another
example, we can by looking at the above table opposite the value
of % equal to £, write 452 $410 0075 and know that this number
is divisible by 754% 2541.

Obviously this device can be used to simplify certain types of
problems. Suppose we wish to know how many numbers less than %
10000 and divisible by 25 contain the figure 4. Of course we
might write down the 4£7 multiples of 25 from 25 to Z£¥% and then
tally the desired result. But this is not necessary with our new
knowledge concerning the divisibility of sequences. Instead we
need only write the 4£ multiples of 25 from 4017 to 4£99. The se-
quences for four of these, 441S, 4469, 4492 and 44577, are dupli-
cated so that one entry of each is eliminated leaving 47 sequences
which will produce all of the numbers under consideration. Of
these sequences, one, 4444, produces only one number; £ sequences
of the form 4040, 4141, etc., produce only two numbers each,
totaling IX numbers; while the remaining 5/ sequences produce
their full quota of four numbers each, totaling 124 numbers, mak-
ing a grand total of 743 numbers having the desired character-
istic.

o

As an extension of the foregoing problem, suppose we also wish
to know how many of those 745 numbers which are not divisible by
5 are composed entirely of even integers, including zero. From
our list of 47 sequences we find that only two will meet this
requirement, and the required numbers are-

408X 42400

8X4 X004 ﬂ
8X40 42X
2408 4X0 . !

Possibly the solution of such problems is trivial and certainly
the use of the device illustrated above is limited to the case of
a relatively small number of primes for which the value of & is
reasonably small. However any device which makes it possible to
study the characteristics of the 457 mltiples of 25 less than
10000 by studying only the 164 sequences which produce all of
those multiples may have many other possibilities 1f we explore
the field completely.

Preliminary investigations of circulating dividends reveal sev-
eral interesting fields for further research. For example, we may
take two four figure numbers such as 1257 and 4593 where each is
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divisible by 25 and form an 8 figure sequence that is also divis-
ible by 25. Thus

1237 4593 4593 1237
2374 5951 5951 2574
3745 9312 9312 3745
7459 3123 3123 7459

note that only the first and fifth numbers are such that the two
groups of four figures composing the two halves of the number
are themselves divisible by 25. Now if we take the second number
of this sequence, 2374 5931, and add 25, we will form a new &
figure circulating dividend- ,

2374 5956 5956 2374
3745 9262 9562 3745
7459 5623 0623 7459
45985 6237 6237 4595

and while all of these are divisible by 25, in no case are any of
the groups of four divisible by 25.

To form a I0 figure circulating dividend for 25, we may take any
of the above & figure numbers and insert a four figure sequence
that is also divisible by 25. Thus, using the second number above-

3745 4166 9562 4166 9562 3745 9562 3745 4166
7454 1669 5623 1669 5623 7454 5623 7454 1669
4541 6695 6237 6695 6237 4541 6237 4541 6695
5416 6956 2374 6956 2374 5416 2374 5416 6956

and only in the first, fifth and ninth numbers is one of the
groups of four divisible by 23, and this is always the 41686 which
was 1inserted.

Now take the second of the above 10 place numbers and transpose
the first two groups of four and we get-

1669 7454 5623, a new 10 place sequence d1v1s1ble by 25. But it
1s not necessary that we transpose four figures at a time. We may
transpose one, two or three figures as well as four, provided
only that the first figures in the groups to be transposed are
four or eight places apart. This 1s determined by the period of
the divisor. Thus in our last circulating dividend we may trans-
pose the third figure, §, with the next to last figure, 2, and
1629 7454 5663 will be another circulating dividend for 25. If we
add 701 to the last number we get 1629 7404 5764 which is a circu-
lating dividend for both 25 and 7. We are therefore not restricted
to prime divisors. It is only necessary that divisors be rel-
atively prime to our number base.

The foregoing should suffice to introduce the interesting subject
of circulating dividends. The device 1s applicable to any number
base. Whether or not this subject will pay dividends in the realm
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of recreational mathematics or prove to be of more fundamental
importance can not be predicted at this time. Certainly the sub-
ject of circulating dividends provides an extensive and inter-
esting field that can be explored by almost anyone who is inter-
ested in the mystery of numbers using only the simpler devices
of arithmetic for the investigation.

TWELVE DIRECTIONS t

In the revival of learning in Europe that took place under
Charlemagne about the year 800, an effort was made to change the
four directions to twelve, with also the creation of names for
the twelve Winds that would come from these directions. It would
have been a convenient division for the duodecimal count, but it
did not survive.

' The names of the directions and winds, as given in Eginhard’s
Life of Charlemagne, 11, 29, are these:

Subsolanus East Wind

Eurus Fast-South Wind
Euroauster South-East Wind
Auster South Wind
Austro-Afric South-West Wind
Afric West-South Wind
Zephyr West Wind

Corus West-North Wind 3
Circius North-West Wind
Septentrion North Wind
Aquilon North-East Wind
Vul turnus East-North Wind

F.E.A.
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PYTHAGOREAN TRIANGLES
WITH EQUAL PERIMETERS

by Harry C. Bobert, Jr.

A recent publication of the American Mathematical Society posed
the problem of finding a general solution for Pythagorean triangles
having equal perimeters. Although listed as an elementary problem,
this proposition is an interesting one. Stated algebraically, this
problem requires a solution of the following system of equations-

2 2 2
AZ + B} = C3

2
C2

4]

2 2
Az * B3
Apt B+ Cp=A+ Byt Gy

Starting with the usual generators for Pythagorean triangles:

B =2m

A=mP - n? C=m?+ n?.

the perimeter will be: p=2m(m+n)
s =mim + n)

and (m+ 1) = WNE

and the half-perimeter will be:
By placing m=uNk

we obtain s = Ruw
and there will be as many triangles with a half-perimeter of (s)
as there are different arrangements of the factors of (S} in the

form: S = klul I k2u202= ksus 5 kuua My k5u5uj, etc., where

all values of (R} are either I or 2 contains only non-square odd
factors and if we wish to require that all sides of our triangle
be positive, the following inequality must hold-

M, > v,

Our general solution then is: A= 2k — kp?
B = 2k - 2ku?
C =2k + w2 + 2ku?

Perimeter = p = 2R
Thus our problem is reduced to that of finding integers that
satisfy the relationships: k20, = RjiL,, 2u, > v, > 1, and
21Uy > Dy > 1y, Ry and Ry equal I or contain only non-square odd

?gdbif kl = Ry, U # 2, and U, B U,. The smallest solution appears
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§=1566=5-2-3=26
A, =20 A, =153
B,= X B, = 18
C; =22 Cp =21
p; =5 = Dp,=50=28=226

The smallest solution for three triangles appears to be:
S =16%= 35457534 =50
A, =18 A, = 39 Ay = 34
B; = 40 B, = 20 B; = 26
C, = 44 C, =43 Cy = 42

p; =20 = p2=?c'0 = D3=XO=23=2-50

We can restrict our solutions to primitive triangles by requir-
ing that 2 = I, and placing rather complicated restrictions on I
and U. It is simpler to resort to a new set of parameters for
this purpose. Solutions in two or more primitive triangles are
found only when-

s = abed

where @, b, 2, and d are relatively prime and all are odd, ex-

cept 0, which may be either odd or even. It is also necessary

that a 2 2. To eliminate any negative sides in the triangles, it

1s necessary that: 2 5d,0b and b > c.
b a ¢
From s = abcd, we obtain two sets of generators:
m; = ab My = aC
n, = (cd - ab) n, = (bd - ac)
and our general solution becomes:
A, = 2abcd - (cd)? A, = 2abcd - (bd)?
B, = 2abcA -2(ab)? B, = 2abcd -2(az)?
C, = ~2abed + (cd)? + 2(ab)? C, =-2abed + (bd)? + 2(ac)?
P, = 2abed = P, = 2abed

The smallest solution for this case appears to be:
a=2 b =11 c=% d=3 and 3 =55

= 443 A, = 143

B, = 264 B, = 524

C, = 505 Cy = 545

P, = £0 = p,=&0 =28 = 2508
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There also are three non-primitive triangles with the same peri-
meter which are found from the factorisation of:
S = 311:1X = 11-6-£ = £2-2-3, using the general solution for non-
primitive cases.

Similar methods may be used to extend this solution to the case
of three or more primitive triangles with the same perimeter. The
smallest solution for the case of three triangles, appears to be:

18249 A, = 11E35 A, = 46X9

B, = 189 B, = X840 B, =16654

C; = 183% C, = 156U C, =17115

P, = 36256 = D, = 36256 = D, =36256 = 23 = 2(£:15:13-11-1)

If we wish to consider only triangles whose perimeter is a
square, we consider only S =_1? and if we limit this to primitive

triangles, then a =_%§_and b,QC and d are all odd squares. The

NZP
1

four factors of S must be relatively prime and the inequality for
the respective magnitudes mst hold.
The smallest solution for this case appears to be:

a=16 b=21 ¢ =201 d=21and3=(57§622

A= 11 £593X8 A= 4 200208

B~ 3 187790 B,=11 3X1790

C,= 12 399071 C,=11 £50171

p,= 27 542030 = D27 542030 = (5736)% = 2s

In a similar manner we may extend the foregoing to the case of
perimeters equal to cubes and other higher powers.

If it is desired to admit solutions for which one or two sides
of one or more of the triangles is negative, the same general
forms of the solutions hold and only the inequalities which limit
the relative magnitudes of the parameters are ignored.

It should be noted that in order to obtain all non-primitive
solutions, it does not suffice to use the method developed for
primitive solutions and simply eliminate the requirements that
a, b, ¢ and d be relatively prime. This will give some non-
primitive solutions but not all. To obtain all non-primitive
solutions the first method must be used since non-square odd
multiples of primitive and non-primitive triangles are produced
only by irrational generators.
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LIST CF PRIKES 712855 AND POWERS OF PRINMES » 5954
WITH PERIODS NOT GREATER THAN 100
BASES 2, 3, &6, 8, 7, %, £, AND 10. BASE XII NOTATION
_Powers of Primes, QOverscored
BASE | 2 3 5 6 7 P 3 10
PERIOD| - 2 2 5 2 3 2 s
7 7 9 5
3 q 3 7 3 £ 3 27
2 8 8 4 4
g 8
74
3 7 11 27 37 17 31 7 111
g 23 17
5 5 11 31 5 85 51 5
4 74 14 27 74 25
28
5 27 I3 | 212 1755 35| 145111111
T 58 77 X7 27
6 3 7 7 27 37 7 31 7
2] 12 el 17
7 27| 771 | 377 | - 25| 17¢ 37| 46£
28%5| 2835 2438
8 15 35| 221 s01]| 841 61 | 42%1 75
28 78 54 £5 78| 175
61| 531 17 17 31 63 31
9 591 | 1517 | 747 -
23
X 3 51| 375 I3 £ 6317 | 7925 | 2051
_ 85| 13¢
3 1g ig - 1s| 797110641 | 8185 18
75| 228¢ X1
70 77 61 | 421 11 17 - 11 | €201
81 131 791
11 487 - - 1521 - 45| 771 =
67
37| 397 25 25 95| - - 157
12 315 | 145| 63£ 7687
7
107 | 2781 | 131 | 817 27 27 51
13 1011 | 841 - 471
57¢£1
195 15 15 15 15 15 15 15
14 54 | 6795 X8 54 81
54
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BAsﬂ 2 3 5 6 7 p4 15 10
PER. 20£8|  2x%1| 178
15 - %1l - e < o
797
16 17 17| 28%7| - - 17 23| ge1
723 31| 23 2081
17 - £11| 13%] 138 2zl - - -
3767
35| 825 35| 181 125 2071 Z1
18 27 21| 5375| 3£11| 43581 -
z5
241 277 37| ££7
19 7| - - - 1151| 4:£27| -
47
48¢% 57 1 182 1g 18
1% 471 57| - 2451 75| -
3081 5087 | 147
1 ‘
3¢ 3¢ 5237 38 32 3
1g 27| 194¢2| - -
1245
181 3901 61 6201 141
20 - - 41| - 2781
2%1
4271 85 25| 1587 |10475]| 18%1
21 |z1061| - 8% 11¢87| -
295 x5
22 1627 - 3037 45 45| 527 45 67
661 635 | T21
g1 o1l 117 91| 831
23 - 301 | 127 577 | 183| - -
4901 | 2427 1461
)
24 25 25| = 2¢1] - 25 25| 481
95 | 9665 185| 2151
175 4z 4< 42| 121 | 377 4z
25 772 - 584¢ 123¢¢
1261
237 27 51 157 27 27
26 X7 | 24£1| =~ - 181 2¢1
1301
27 - 48¢ | 1021 | 3105| 218| 1747 | - 271
1029¢
X8 | 1601 | 255| 255| 255 28
28 - 28| 95| T9Z| 315
455
895
29 - - 147 571 2127 57| 471 -
%11
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T
BASE 2 3 5 (5} 7 pa 2 10
PER 87| 1931 87 1587
2% - 217 - - -
711
52 58 157 5¢ 52 157 S£
28 447 348
2521
30 31 - 31 81 - - - 61
S1 391
167 105 105 167 1588
31 - 462¢ | 1807
7097
32 - 1787 535 | 104¢& - - 138 | 12£7
£421 171 4801
e7 221 67 - - - 87 -
33 3961 111
4287 397
727
34 - - 181 356 35 - 35 35
375
35 785¢ (23% - - 62 (23 62 8¢
867 867
3177 37 37 L7 37
36 1391 X7 - - 1681 - Sx17
7| 4497 77 77
T7
37 288 282 - 1256 - 1256 - 282
575% 288 ]
251| 3225 75 471 75 1461
38 1281 - 8995 - 2181
3801
38 447 131 817 | 1301 - - - -
1527 £317
38 32 384 7231
32 - - - - 27 705
) 1568
L 1438 85% - - - - 1245 -
274110891
81 81 3541 81| 4541
40 481 401 - - - 181
541 1041
34% 2061
41 - 2822 - - - - -
4921
42 182 107 | 1125 - - 182 - 1167
2417
43 87 - - 217 87 4531 | 6247 -
22%7
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BAsi 2 3 5 6 7 y4 £ 10
PER) 45 45 45| 221 | 111| 375 45
44 117 727 | 1431 485
£25
45 || 3821 8s | - 7585 | 4961 8¢ 8¢ 8¢
218271 518
69| £301 217 277 91
46 £647 | 347 | - - - 63| 1x7
89 347
47 615 921 z21| - = 921112785 3081
1x1g| 92%
1e5 | 241| 4655 95
48 = - - 241 | 1295 325 -
435 1561
49 - 171 - - £421| 10407 | Z28I| -
261
4% ¢2s| 377 - 42| - 4¢ 4s| -
3637
4< - - - - - - 825 1092¢
51 13%1 51 51 51
50 921| - 131 - -
2071
51 = - 457 | - 267 511 - -
2007 | 2825
3297 | 907 271 21¢
52 - - - 207| -
62£1
53 - - - 277 | - 6331 27 -
125%7 | 4991
455 104 | 455 | 1715 | 388| 2£595| 141 541
54 794 195
759
55 - XL %2 | 6X12 e - %e %8
57 327 57 57 57
56 |[200%2 - - - 5667 | 147
, %11
3207
57 - - %5 - - - - -
$2]
58 g5 - 1185 | - 25 - 5| -
8675 £795
59 - 1%1 £7 | 6957 °7| 121 7| -
3717
125 447 5< 58
5% - - 4x%5 - 4461| -~
1407 ox17
5421 pisops
58 = - 355 - - - 108g| 2¢81
$411
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BASE| 2 3 5 6 74 P4 £ 10
PER.| 301 - 61 401 - 1X01 61 -
60 1501
61 307 | £721 - | - 307 - - -
62 1041 | X787 | 6327 | 232& 105 | 4245 - -
63 - 421 107 421 - 107 107 421
5681 | 1X£1 2521
64 171 - - - - - - -
321
65 - - - - - 3045 - 2811
67 | 1981 67 67 171 221 211
66 - 111 5221 3851 587
1807 1271
167¢ 225 225
&7 - - - - 3697 -
5838
68 - 8401 - 2341 615 - 3081 -
1601 | 2311 | 2991 £31 117
69 - 2127 | 5531 - -
183 | 509
8% 68 ~ 23S 62 - - - Y5l
118 215 11% 118 115 118
3% 7012 - 357 - 7012 681
2225 1121
1083&
70 o1 | 17241 | 1561 - - - 2051 -
8441
71 - - xX77 - 277 - -~ ZLZ
2X28 10X78
pacyi 68 3105
72 - - 5637 - 2587 - -
10117
78 25601 - 3281 - - 2387 - 257
‘4041 1011
74 255 75 - 75 75 435 256 -
5061
75 - - - - - - - 122
12%1
76 - - - - 391 - 131 131
447
863¢ 397
77 - - - - 8271 - -
X325
sy 3621 825
78 705 - - - - -
£61
78 - 791 681 - - - 1747 | 5201
1857
7% 187 | 8981 | 1245 - - 378 - X541

The Duodecimal Bulletin 21
BASH| 2 3 5 6 7 % £ 10
PER.| 132 | 132 | 1797 | 3¢£7| - 88 = 138
7£ 1125
80 4l | = 81 | 141 81 81| 401 | 2401
5001
81 - - 285 285 285 - 2865 -
10171 682
247 | 145 | 145
82 - - - 617 - g
2267
83 147 | - i 9761 147 | 147| 291 | 291
_~ 297 1461 | 1Z01
5 85 85 85 85
84 25| - - 7635 | - 841
12785
47
427
85 - - - - 575 | - y N
375¢
86 217 | 431 87 87| - - 87 87
17%1 4297 | 647 217
87 - - 2191 | 1521 %457 | 71£|11£47 | 2191
4361
88 - - - - 221 = - =
89 - 221 - 157 - = 257 w
3791
8% 8s | - 8¢ 82 8s | - - 1%11
8¢ - - 3871 | 457 = 457 | - =
S0 - - - 91| - 97 97 | 301
- 768 | 7682 | - - - = =
1877 TI| 237 | 237 237
92 T - - 1407 - 3767
x7 %3
93 = - 1871 | - 3721 | %81| - =
94 | 2¢95 95 95 95| 315 95| 241 S5
2347 | 241 | 2955 481 |. 11295
95 1267 | 222 | 1842 | - 16s | 18¢2| 162 | 168
7157¢ 3785
96 387 | 1947 | 171 | 321| 321 - 35¢7 | 171
267
97 ||879¢ | - 325 | 325 72| - = 156¢
497 | 722
98 iz 7225 | - 251 175 | 251 251 | 8Z5
SxL
99 661 - - - 7107 | - 5347 | 3961
3961
oxX | 12781 | 1217 | &8% | - = - 1082 | 421
747
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BASE| 2 3 1) 6 7 X 2, 10
PER.| 172 17£ 178| 8785 | 7125 17¢ 78
og £85% 8s1 - 9s1
2287
X0 - 181 - 7941 - - égé
Z 507 - 7006 - X11 | 8221 4
. g2¢
22 - 267 267 | 5367 - - -
Z3 - - 517 - - - - -~
x4 3291 - - - - - - -
5035 N
%5 - 18% - 47 18% 527 441 182
7£58
X7 8617 X7 X7 7
X6 - 617 5831 - -
1561
X7 - 346¢ - - - 22B5 - -
x8 - 368 541 714 - 368 -
368
X9 - 2481 - 10X1 | 6331 - - -
X XL - X825 x%e - XL - -
43 VEES 188 | 1625 192 - - 18% 182
2337
£0 - - X11| 1811 - - - -
21 - - 547¢| 6£17 - 211 -
22 - - ~ 1%5|10028 - %5 -
£3 127 3381 351 - 17 - X7 -
4 201 £5 25 25| - - 2x1 £5
3475 6£15
£5 - 2%31 | £X87 - 1705 | 1517 | 48911 -
26 27 27 - - 121 - 457 27
2857 181
5331
£7 - - - 3X5 - - ~ -
10478
28 - - 125 - - - - -
£9 - - - 127 127 187 187 -
7%01
2% - 521 | 2571 - - - - -
1297
28 - - - 527 - - 18x1 -
100 401 - 901 - - 5201 - 401

Comriled from

Cunninghem and Creak,

"Haupt~Exponents, Residue-Indices, Etc.”
Hodgson.

London.

19z2.
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THE MAIL BAG

Velizar Godjevatz, author of the interesting proposal for a
duodecimal musical notation, in this 1ssue, was private secretary
to former King Peter of Yugoslavia. He holds degrees from the New
College, Oxford, from Berlin University, was Cand. Phil., at the
Masters School of Piano, Conservatory of Hanover, and studied
conducting under Scherchen.

Dudley George, of Ukiah, California, writes:- “For fun, I have
made and used an abacus with four beads strung on each rod below
the dividing bar, and three beads above. This gadget requires a
lot more mental application to operate than an adding machine,
but it can be used for a lot of calculating.” In line with this
idea, Dr. Nathan lazar, of Teachers College, Columbia University,
says that the regular abacus, with five beads below the bar, and
two above, can be used for duodecimal operations. For the sixth
bead, the bottom string is emptied, and one bead i1s counted above
the bar; for the twelfth count, of course, both top and bottom
strings are emptied, and one bead at the bottom of the next row
1s counted.

We sadly report the death of W. B. Campbell, of Cincinnati,
Ohio. He has been a member of the Society for many years, and we
will miss him.

Professor Donald M. Brown, of Central Michigan College, Mount
Pleasant, Michigan, has called our attention to errors in the
paper on the Four Fours, in the last Bulletin. In the values
shown for 5, 17, 22, and 23, the symbol .Z was incorrectly
shown as .4

Paul and Camilla Adams gleefully announce the arrival of a new
dodekaphile, in the person of Thomas Henderson Adams. May we sug-
gest to our younger members that this is an excellent way to pro-
vide for the future of our Society. Our congratulations to Paul
and Cam, and to Cap. Delaney, as Tom’'s godfather.

One of the summer's most delightful high lights, was the visit
of H. K. Humphrey, of Winnetka, Illinois. Mr. Humphrey 1s a
member of our Finance Committee, but this has been our first op-
portunity to meet personally. His trip was a wide eastern swing
for the pleasure of seeing many relatives and friends again, and
included a talk with George Terry at Hingham, Mass.
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Mr. Humphrey made a pertinent comment about the telephone ser-
vice. In Winnetka, they are changing the exchange designation
from WIN to W16, which would probably have been unnecessary 1f7
telephone numbers were duodecimal instead of de%1mal, since 10
is nearly three and a half times as large as 10°. Under a @uo—
decimal arrangement, there would naturallybe twelve holes in the
dial in place of ten, and there would be only two letters per
hole instead of three, thus providing much greater flexibility
in the selection of exchange names. The size of a central office,
in capacity of exchange lines, would be enlarged from 10,000, (or
1002,) to 20,736.

Paul Friedemann, in sending us notice of the change of his ad-
dress to 904 Mifflin Avenue, Pittsburgh 21, Pg.{ remarked that
he had made a rediscovery of some of the qualities of Pythago-
rean triangles. He found a triangle with the sides:

Hypotenuse ¢ = 6XI
Leg a = 4X1
leg b = 4X0
He says:- “One glance at my table told me there was something
remarkable about the similarity in appearance representing this
triangle. I discovered how to generate all triangles whose legs
differ by only one digit."”

We hope that Paul’s enjoyment of his explorations will lead
him into careful review of the recent work of our Mathematlca¥
Research Committee and Messers. Robert and Terry. Their work 1s
admirable, extending our mathematical frontiers in some of its

phases.

Arthur Coldewe, of San Anselmo, California, has sent us a siz-
able check, expressly designated as the start of a fund for the
production of the duodecimal slide rule. There has been much dis-
cussion of the type of rule we should have made. It 1s true that
the more complex types of rule will be more expensive to manu-
facture, but the wisest course seems to be the provision of a
rule that will meet all possible requirements. The inclusion of

additional scales does not interfere in any way with the use of
the rule for the simpler operations.

In the interest of developing the specifications for this rule,
Kingsland Camp, Chairman of the Slide Rule Committee, has pre-
pared the comprehensive paper in this issue. He is most anxious
to receive your reactions to his proposals. Also, we would like
to know which of our members will wish to acquire one of these
duodecimal slide rules, in whatever form may be finally set.

Ye Fd.
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COUNTING IN DOZENS

1 2 3 4 5] 6 7 8 9 % e o

one two three {four five six seven eight nine dek el do

Our common number system is decimal - based on ten. The dozen system uses
twelve as the base, which is written 10, and is called 40, for dozen. The
quantity one gross is written 100, and is called g¢ro. 12000 is called mo,
representing the meg-gross, or great-gross.

Tn our customary counting, the places in our numbers represent successive
powers of ten; that i1s, in 365, the 5 applies to units, the 6 applies to tens,
and the 3 applies to tens-of-tens, or hundreds. Place value is even more im-
portant in dozenal counting. For example, 265 represents 5 units, 6 dozen, and
2 dozen-dozen, or gross. This number would be called 2 gro 6 do 5, and by a
coincidence, represents the same quantity normally expressed as 365.

Place value is the whole key to dozenal arithmetic. Observe the following
additions, remembering that we add up to a dozen before carrying one.

94 136 Five ft. nine in. ov3]!
51 694 Three ft. two in. G2
96 352 Two ft. eight in. 2.8
198 1000 Eleven ft. seven 1n. 27"

You will not have to learn the dozenal multiplication tables since you al-
ready know the 12-times table. Mentally convert the quantities into dozens,
and set them down. For example, 7 times 9 is 63, which 1s 5 dozen and 3; so
set down 53. Using this “which 1s” step, you will he able to multiply and
divide dozenal numbers without referring to the dozenal multiplication table.

Conversion of small guantities is obvious. By simple inspection, 1{ you are
35 years old, dozenally you are only 2£, which 12 ) 365

is two dozen and eleven. For larger numbers, 12 ) 30 + 5
keep dividing by 12, and the successive remain- 12 )2+ 6
ders are the desired dozenal numbers. 0+ 2 Answer: 265

Dozenal numbers may be converted to decimal numbers by setting down the units
figure, adding to it 12 times the second figure, plus 122 (or 144) times the
third figure, plus 12° (or 1728) times the fourth figure, and so on as far as
needed. Or, to use 2 method corresponding to the illustration, keep dividing
hy Z, and the successive remainders are the desired decimal number.

Fractions may be similarlyv converted by using successive multiplications,

instead of divisions, by 12 or X.

Mumerical Progression Multiplication Table

7 One 1 2 3 4 5|6 7 8 9 % &

2 4 6 8 A|10012 14 16 18 IX

0 e £ Edo 3 6 9 10 1311619 20 23 26 29

100 Gro -01 Egro 4 8 10 14 18120 24 28 30 34 38

1,000 Mo .001 Ermo 5 %413 18 21126| 22 34 89 42 47

) 6 10 16 20 26130 36 40 46 50 56

L0000, Posinm  SHBHYT Edo-mo o morov 36, 41 48 55 51 65
100,000  Gro-mo L000,01 Egro-mo 8 14 20 38 34 40| 48 54 60 68 74
1,000,000 Bi-mo  .000,001 Ebi-mo O 16 28 30 39 |46 52 60 69 76 83
R . X 18 26 34 42|50\ 5% 68 76 84 92
1,000,000,000 Tri-mo and so on. S 1% 99 38 47156\ 65 74 83 99 X1




	_042
	_04200
	_04202
	_04204
	_04206
	_04208
	_0420a
	_04210
	_04212
	_04214
	_04216
	_04218
	_0421a
	_04220
	_04222
	_04224

